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Preface

Digital image processing is a widespread subject progressing continuously. 
Extracting image features has become a foremost player in many digital image 
processing applications. Shape feature detectors and descriptors have been 
explored and applied in several domains such as computer vision, pattern 
recognition, biometrics technology, image processing, medical image anal-
ysis, etc. Motivated by the requirement for an improved understanding of 
the shape feature detector fundamentals and application, this book presents 
different image shape extraction techniques which are essential for image 
retrieval. Shape feature extraction and depiction play a significant role in dif-
ferent types of applications such as: (1) Shape retrieval: searching for entire 
shapes in a huge database of shapes that are comparable to a query shape. 
Generally, all shapes in a specified distance from the query or the first limited 
shapes that have the minimum distance are calculated. (2) Shape recognition 
and classification: determining if a specified shape matches a model satisfac-
torily, or which of the database class is the most alike. (3) Shape alignment 
and registration: converting or interpreting one shape so that it best matches 
other shapes completely or in part. (4) Shape estimate and simplification: cre-
ating a shape of fewer elements (segments, points, etc.) that are still similar 
to the original. This book presents different techniques of one-dimensional, 
moment based, polygonal approximation based, spatial interrelation based, 
scale space based, transform shape domain-based shape feature extraction 
techniques in detail. The  aim of this book is to not  only present different 
perceptions of shape feature extraction techniques to undergraduate and 
postgraduate students but also to serve as a handbook for practicing engi-
neers. Simulation is an important tool in any engineering field. In this book, 
the image shape extraction algorithms are simulated using MATLAB®. It has 
been the attempt of the authors to present detailed worked examples to dem-
onstrate the various digital image shape feature extraction techniques.

The book is organized as follows:
Chapter  1 gives an overview of image shape feature. The  importance 

of shape features used for image recognition are covered in this chapter. 
Different properties of shape features include translation, rotation and 
scale invariance, identifiability, noise resistance, affine invariance, occulta-
tion invariance, statistical independence and reliability are discussed in this 
chapter.

Chapter 2 deals with one-dimensional shape feature extraction techniques 
or shape signatures. The concept of complex coordinate is introduced in this 
chapter. This chapter also gives an overview of different one-dimensional 
shape feature extraction techniques such as centroid distance function, tan-
gent angle, contour curvature, area function, triangle area representation 
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and chord length distribution. The examples related to shape signatures are 
illustrated through MATLAB examples.

Chapter  3 is devoted to geometric shape feature extraction techniques. 
Different simple geometric shape feature extraction techniques such as 
center of gravity, axis of least inertia, digital bending energy, eccentricity, 
circularity ratio, elliptic variance, rectangularity, convexity, solidity, Euler 
number, profiles and hole area ratio are discussed step by step. Various 
eccentricity methods such as principal axis methods and minimum bound-
ing rectangle methods are included in this chapter. The  examples related 
to geometric shape feature extraction techniques are illustrated through 
MATLAB examples.

Chapter 4 discusses different polygonal approximation-based shape fea-
ture extraction techniques. Different polygonal approximation techniques 
such as merging, splitting, minimum perimeter polygon, dominant point 
detection, k-means method, genetic algorithm, ant colony optimization 
method and tabu search method are explained in this chapter. Various 
merging methods such as distance threshold method, tunneling method 
and polygon evolution are also included. The  examples related to differ-
ent polygonal approximation-based shape feature extraction techniques are 
illustrated through MATLAB examples.

The  focus of Chapter  5 is on spatial interrelation-based shape feature 
extraction techniques. Different techniques such as adaptive grid resolution, 
bounding box, convex hull, chain code, smooth curve decomposition, ALI 
based representation, beam angle statistics, shape matrix, shape context, 
chord distribution and shock graph are explained in this chapter. Different 
methods to generate chain code such as basic, differential, resampling, ver-
tex and chain code histograms are discussed in this chapter. Various tech-
niques to create shape matrix like the square model and polar model are 
also explained step by step. The  examples related to spatial interrelation-
based shape feature extraction techniques are illustrated through MATLAB 
examples.

Chapter  6 provides an overview of moment-based shape feature 
extraction techniques. Different methods to extract moment shape fea-
ture including contour, geometric invariant, Zernike, radial Chebyshev, 
Legendre, homocentric polar-radius, orthogonal Fourier-Mellin and 
pseudo-Zernike are discussed in this chapter. The  examples related to 
moment-based shape feature extraction techniques are illustrated through 
MATLAB examples.

Chapter  7 deals with scale space-based shape feature extraction tech-
niques. Different methods including curvature scale space and intersection 
points map are discussed in this chapter. The examples related to scale space-
based shape feature extraction techniques are illustrated through MATLAB 
examples.

The  focus of Chapter  8 is on transform domain-based shape feature 
extraction techniques. Different techniques such as Fourier descriptors, 
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wavelet transforms, angular radial transformation, shape signature har-
monic embedding, ℜ-transform and shapelet descriptors are discussed in 
this chapter. Types of Fourier descriptors including one-dimensional and 
region-based are also included in this chapter. The  examples related to 
transform domain-based shape feature extraction techniques are illustrated 
through MATLAB examples.

Finally, Chapter 9 is devoted to various applications of shape features in 
pattern recognition in the areas of leaf recognition, fruit recognition, face 
recognition, hand gesture recognition, etc. The examples related to the appli-
cation shape feature extraction techniques of color images are illustrated 
through MATLAB examples.

Dr. Jyotismita Chaki
Vellore Institute of Technology

Dr. Nilanjan Dey
Techno India College of Technology

MATLAB® is a registered trademark of The  MathWorks, Inc. For  product 
information, please contact:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 508 647 7000
Fax: 508-647-7001
E-mail: info@mathworks.com
Web: www.mathworks.com

http://www.mathworks.com
mailto:info@mathworks.com
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1

1
Introduction to Shape Feature

1.1 Introduction

Visual information plays a significant role in our society and a progressively 
persistent role in our existence, and the need to preserve these sources is 
increasing. Images are utilized in several areas such as fashion, engineer-
ing design and architectural, advertising, entertainment, journalism, etc. 
Therefore, it delivers the needed prospect to utilize the richness of images [1]. 
The visual information will be impractical if it cannot be discovered. In the 
view of the practical and growing use of images, the capability to explore 
and to recover the images is a vital issue, necessitating image retrieval sys-
tems. Image visual features deliver an explanation of their content. Image 
retrieval (IR) occurred as a practical way to recover images and browse huge 
records of images. IR—the procedure of recovering images that is based on 
automatically extracted features—has been a subject of rigorous research in 
current years.

The input to a representative content based image retrieval (CBIR) and anal-
ysis system is a grey-scale image of a scene comprising the objects of interest. 
In order to understand the contents of a scene, it is essential to identify the 
objects positioned in the scene. The  shape of the object is represented as a 
binary image which is the representative of the extent of the object. The shape 
can be assumed as a silhouette of the object (e.g., attained by revealing the 
object using a naturally distant light source). There are many imaging applica-
tions where image analysis can be minimized to the analysis of shapes, (e.g., 
machine parts, organs, characters, cells).

Shape analysis approaches analyze the objects in a scene. In  this book, 
shape representation and explanation aspects of shape analysis are dis-
cussed. Shape representation approaches result in a non-numeric depic-
tion of the original shape (e.g., a graph), so that the significant features of 
the shape are well-preserved. The word significant in the previous sentence 
typically has various meanings for various applications. The step following 
shape representation is shape description, which refers to the approaches 
that result in a numeric descriptor of the shape. A shape description tech-
nique produces a shape descriptor vector (also called a feature vector) from 
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FIGURE 1.1
The grey pixels form the neighborhood of the pixel “P”.

FIGURE 1.2
The grey pixels for the 4-neighbourhood of the pixel “P”.

a specified shape [2]. The aim of description is to exclusively characterize the 
shape utilizing its shape descriptor vector. The input to shape analysis algo-
rithms is shapes (i.e., binary images).

There are numerous techniques to obtain binary shape images from the 
grey-scale image (e.g., image segmentation). One of these techniques is con-
nected component labeling. The  neighborhood of a pixel is the group of 
pixels that touch it. Therefore, the neighborhood of a pixel can have a maxi-
mum of 8  pixels (images are always considered 2D). Figure  1.1 shows the 
neighbors (grey cells) of a pixel P.

There are different types of neighborhoods, described as follows.

1.1.1 4-Neighborhood

The 4-neighborhood contains only the pixels directly touching [3]. The pixel 
above, below, to the left, and right for the 4-neighborhood of a specific pixel 
as shown in Figure 1.2.
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FIGURE 1.3
The diagonal neighborhood of the pixel “P” is shown in color.

FIGURE 1.4
The 8-neighborhood.

1.1.2  d-Neighborhood

This neighborhood is composed of those pixels that do not  touch, or they 
touch the corners [4]. That is, the diagonal pixels as shown in Figure 1.3.

1.1.3 8-Neighborhood

This  is the union of the 4-neighborhood and the d-neighborhood  [5]. It  is 
the maximum probable neighborhood that a pixel can have as shown in 
Figure 1.4.
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FIGURE 1.5
Connectivity of pixels.

FIGURE 1.6
Multiple connectivity.

1.1.4 Connectivity

Two pixels are supposed to be “connected” if they belong to the neighbor-
hood of each other as shown in Figure 1.5.

The entire grey pixels are “connected” to “P” or they are 8-connected to 
“P”. Therefore, only the dark grey ones are 4-connected to “P”, and the light 
grey ones are d-connected to “P”.

If there are several pixels, they are said to be connected if there is some 
“chain-of-connection” among any two pixels as shown in Figure 1.6.

Here, let’s say the white pixels are considered the foreground set of pixels 
or the shape pixels. Then, pixels P2 and P3 are connected. There exists a chain 
of pixels which are connected to each other. However, pixels P1 and P2 are 
not connected. The black pixels (which are not in the foreground set of pixels) 
block the connectivity.



5Introduction to Shape Feature

FIGURE 1.7
Connected components.

FIGURE 1.8
(a) Original image, (b) connected component labeling.

1.1.5 Connected Components

Taking the idea of connectivity, the idea of connected components is gener-
ated [6]. A graphic that best serves to clarify this idea is shown in Figure 1.7.

Figure 1.8 shows the connected component labeling example.
Each connected region has exactly one value (labeling).
Shapes can be represented in cartesian or polar coordinates. A cartesian 

coordinate (Figure 1.9a) is the simple x-y coordinate, and in polar coordi-
nates (Figure 1.9b), shape elements are represented as pairs of angle θ and 
distance r.
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FIGURE 1.9
Coordinate system: (a) cartesian coordinate, and (b) polar coordinate.

FIGURE 1.10
Shape representation. (a) Original image; (b) Grey-scale image; (c) Overall shape; (d) Boundary 
shape and interior details.

1.2 Importance of Shape Features

Shape discrimination or matching refers to approaches for comparing 
shapes  [7]. It  is utilized in model-based object recognition where a group 
of known model objects is equated to an unidentified object spotted in the 
image. For this purpose, a shape description scheme is utilized to determine 
the shape descriptor vector for every model shape and unidentified shape in 
the scene. The unidentified shape is matched to one of the model shapes by 
equating the shape descriptor vectors utilizing a metric. In Figure 1.10b the 
grey-scale image of the original image is shown, in Figure 1.10c an overall 
shape of a leaf is presented, while boundary shape and interior details are 
illustrated in Figure 1.10d.

The basic idea by simple shape examples is illustrated in Figure 1.11. Shapes 
in Figure 1.11a–c are rotationally symmetric, and by this feature they can be 
differentiated from the shapes in Figure 1.11d and e.
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FIGURE 1.11
(a–e) Shape examples.

Assume a shape function S1 is defined as a “symmetricity” mea-
sure. Additionally, since S1 doesn’t differentiate between the shapes in 
Figure  1.11a–c, another shape descriptor should be measured. Since the 
shape in Figure 1.11a is convex, and as the shape in Figure 1.11b is “more 
convex” than shape in Figure  1.11c, a “convexity” measure (i.e., another 
shape function) S2 is considered. S2 is probable to assign 1 to convex shapes 
and smaller values for “less convex” shapes (e.g., 0.92 to the shape in 
Figure 1.11b and 0.75 to the shape in Figure 1.11c). Such a demarcated func-
tion would differentiate among the shapes in Figure 1.11d and e, but it is 
not clear whether it is able to differentiate between shapes in Figure 1.11b 
and d. It is hard to judge which of them is “more convex”. To overcome such 
a problem, another descriptor (e.g., shape “linearity”) could be  involved. 
A  linearity measure S3 should allocate a high value to the shape in 
Figure 1.11d (let say 0.9) and small, similar values for the rest of the shapes 
(e.g., all close to 0.1).

This is a fundamental process of using shape descriptors and equivalent 
measures to be able to differentiate between shapes/objects [8]. In most cases 
a single measure and a single descriptor are not sufficient, and sometimes 
they should be combined. For example, the shape in Figure 1.11e can be dis-
tinguished from the others as a shape with small S1 and S3 values (e.g., with 
low both symmetricity and linearity measures).

The extraction and depiction of shape features has a vital role in the fol-
lowing applications [9]: 

• Shape recovery: finding the most similar shapes from a big database 
of comparable shapes to a query shape.

• Classification and recognition of shape: defining whether a specified 
shape satisfies a model or typical class that is the most alike.

• Shape registration and alignment: translating or converting one shape 
to match with another shape, in part or in whole.

• Shape simplification and approximation: creating a shape of smaller 
amounts of elements (triangles, points, segments, etc.) which is still 
equivalent to the original shape.
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1.3 Properties of Efficient Shape Features

Shape descriptors can be used to efficiently discover similar shapes from 
the database even if they are affinely altered shapes like translated, rotated, 
flipped, scaled, etc [10]. The shape descriptor can also be used to efficiently 
search imperfect shapes, noise affected shapes, tolerated by human beings 
for the comparison and recovery of the shapes. This  is identified as the 
robustness necessity. A shape descriptor should be able to accomplish image 
retrieval for maximum categories of shapes, not  only for certain types of 
shapes. Hence, it should be application independent. One of the vital prop-
erties of the shape descriptor is low calculation complexity. By including 
fewer properties of the image in the calculation procedure, calculation can 
be lessened and lower computation complexity attained, and the shape 
descriptor becomes robust. Here low computation complexity means clarity 
and constancy.

Effective shape features must hold some important features as follows [11]: 

• Identifiability: shapes that are alike by human perception must pos-
sess an identical feature which varies from others.

• Rotation invariance: the orientation of an object doesn’t disturb its 
shape; consequently it would be probable that a shape descriptor 
should generate the identical measure for a shape S and for the simi-
lar shape oriented by θ degrees, R(S, θ).

• Translation invariance: the shape of an object is independent of the 
coordinate axes utilized; thus, it would be anticipated that a shape 
descriptor should generate a similar measure for the shape irrespec-
tive of its location in the coordinate plane.

• Scale invariance: since the shape of an object is independent of its 
depiction, the scale of an object should not affect the measure gener-
ated by a shape descriptor.

• Affine invariance: the affine change achieves a linear projection from 
a two-dimensional coordinate to other two-dimensional coordi-
nates that conserves the parallelism and straightness of lines. Affine 
invariant features can be created utilizing arrangements of scales, 
orientation, translations, and shears.

• Noise resistance: features should be as reliable as probable against 
noise, i.e., they must be identical as noise resistance in a given range 
affecting the pattern.

• Occultation invariance: when certain shape portions are occulted by 
other shapes, the characteristics of the residual part must not alter 
equated to the original shape.
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• Statistically independent: two characteristics of a shape must not be 
statistically dependent on each other. This characterizes the repre-
sentation’s compactness.

• Reliable: the extracted features must persist the similarity until one 
handles with the similar pattern.

• Well-defined range: having an awareness of the range of values formed 
by a shape descriptor can be significant when understanding the 
meaning of the values fashioned by the descriptor. Also, it may be 
beneficial to know the range fashioned by a descriptor in particular 
when designing an application.

Shape descriptor is generally some group of values that are formed to 
designate a specified feature of the shape. A descriptor attempts to mea-
sure a shape in such a manner that it is consistent with human percep-
tion. Good recognition rate of retrieval needs a shape feature that is able 
to efficiently find comparable shapes from a database  [12]. The  features 
are generally in the form of a vector. The shape feature should fulfill the 
subse quent needs: 

• It should be complete enough to characterize the shape properly.
• It should be denoted and stored efficiently so that the descriptor vec-

tor size must not become very large.
• The calculation of distance among descriptors should be easy; other-

wise a great deal of time is needed to implement it.

1.4 Types of Shape Features

Several shape explanation and depiction methods have been established 
for shape retrieval applications  [13]. Based on whether the shape features 
are extracted from the contour only or are extracted from the whole shape 
region, the shape explanation and depiction methods are categorized into 
two categories: 

• Contour-based approaches and
• Region-based approaches.

Every technique is further divided into two methods, structural approach 
and global approach. Structural methods and global methods are built on 
seeing if the shape is characterized by segments or as a whole.
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1.4.1 Contour-Based Shape Representation and Description Techniques

By utilizing the contour-based methods, boundary or contour information 
will be extracted [14]. The contour-based shape representation method is 
further divided into global method and structural method. Global meth-
ods do not split the shape into subparts and the whole boundary informa-
tion is utilized to originate the feature vector and for matching procedure, 
so this is also recognized as the continuous method. Structural methods 
divide the shape boundary information into segments or subparts called 
primitives, so this technique is also recognized as the discrete method. 
Usually the ultimate representation of the structural technique is a string 
or a graph (or tree), which will be utilized for matching for the image 
retrieval procedure.

1.4.1.1 Global Methods

From the shape contour information, a multi-dimensional numeric fea-
ture vector is produced that will be utilized for the matching procedure. 
Matching procedure is completed by manipulating the Euclidean distance 
or by point to point matching.

1.4.1.2 Structural Methods

In structural approaches of contour-based shape depiction and description 
method, the contour information is fragmented into segments, i.e., shapes are 
divided into boundary segments called primitives. The outcome is encoded 
into a string form like: S = s1, s2, …, sn; where, si may be an element of a shape 
feature which may contain a characteristic such as length, orientation, etc. 
The string can be directly utilized to signify the shape or can be utilized as 
an input to a recognition system for image retrieval procedure.

1.4.1.3 Limitations of the Structural Approach

Generation of primitives and features is the foremost limitation of the struc-
tural method. Since the number of primitives needed for every shape is 
not identified, there is no proper definition for an object or shape. The other 
limitation is the calculation of its complexity. This technique doesn’t ensure 
for the best match. A  variation of object contour causes alteration to the 
primitives, so it is more dependable than global approaches.

Contour-based approaches have an edge over region-based approaches in 
popularity because of the following reasons: 

• Humans can effortlessly distinguish shapes by their contours.
• In several applications, the contour of a shape has importance, not its 

interior content.
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FIGURE 1.12
Classification and some examples of shape descriptor.

These approaches also have some limitations: 

• Contour-based shape descriptors are delicate to noise and altera-
tions because of utilization of small parts of shapes.

• In several applications, contours are not obtainable.
• Some of the applications have more importance of their interior 

contents.

1.4.2 Region-Based Shape Representation and Description Techniques

Region-based approaches can overcome drawbacks of contour-based 
approaches [15]. They are more robust and can be useful in general applica-
tions. They can manage with shape defection. In the region-based method, 
all the pixels in the shape region, i.e., the entire region is considered for the 
shape representation and description. Comparable to the contour-based 
approaches, region-based approaches can also be divided into the global 
approaches and structural approaches, dependent on whether they divide 
the shapes into subparts or not. 

Global approaches: Global approaches consider the entire shape region 
for shape representation and description.

Structural approaches: Region-based structural approaches divide the 
shape region into subparts that are utilized for shape representation 
and description. The region-based structural approaches have com-
parable problems to contour structural approaches.

The  classification and some examples of shape descriptor is shown in 
Figure 1.12.
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1.5 Summary

Defining the shape of an object can prove to be very difficult. Shape is gener-
ally characterized verbally or in figures. There is no commonly recognized 
procedure of shape description. Further, it is not identified what in the shape 
is significant. Current methods have both positive and negative qualities; 
computer graphics or mathematics utilize efficient shape representations 
that are impractical in shape recognition and vice versa. In spite of this, it 
is possible to discover features common to most shape description meth-
ods. Object description can be created on boundaries or on more complex 
knowledge of entire regions. Shape descriptors can be local as well as global. 
Global descriptors can only be utilized if whole object data are obtainable for 
analysis. Local descriptors designate local object properties utilizing partial 
information about the objects. Therefore, local descriptors can be utilized for 
description of occluded objects. Sensitivity to scale is even more serious if a 
shape description is derived, since shape may alter significantly with image 
resolution. Thus, shape should be considered in multiple resolutions which 
again can cause problems with matching corresponding shape representa-
tions from various resolutions. Furthermore, the conventional shape descrip-
tions alter discontinuously.
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2
One-Dimensional Function Shape Features

The one-dimensional shape feature function that is obtained from edge coor-
dinates of the shape is also frequently called the shape signature. The shape 
signature generally holds the perspective shape property of the object  [1]. 
Shape signature can define the entire shape; it is also frequently utilized as 
a pre-processing to other feature extraction procedures. In this chapter, the 
shape signatures or one-dimensional shape feature functions are presented.

2.1 Complex Coordinate (ComC)

A  complex coordinate function is basically the complex number obtained 
from the contour point coordinates Bn(x(n), y(n)), n ∈ [1, L] of an object and can 
be represented by equation (2.1) [2]. 

 CC n x n iy n( ) ( ) ( )= +  (2.1)

There are some advantages and limitations of ComC that are presented here. 

Advantages: The advantage of using the complex coordinate function is 
it involves no extra computation in deriving shape signature and is 
also invariant to translation.

Limitations: The  method is not  invariant to translation. To make the 
shape representation of equation  (2.1) invariant to translation, the 
equation is represented as shown in equation (2.2). 

 CC n x n x i y n y( ) ( ) ( )= −[ ] + − 0 0  (2.2)

where i =  −1 and (x0, y0) is the centroid of the shape and can be presented 
by equation (2.3).
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where L is the number of overall contour points.
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FIGURE 2.1
Centroid distance approach.

2.2 Centroid Distance Function (CDF)

CDF is articulated by the distance of the contour points from the centroid 
(x0, y0) of a shape and is represented by equation (2.4) [3]. 

 r n x n x y n y( ) ( ) ( )= −( ) + −( )0
2

0
2

 (2.4)

The  centroid is located at the position (x0, y0) which are, respectively, the 
average of the x and y coordinates for all contour points. The boundary of a 
shape consists of a series of contour or boundary points. A radius is a straight 
line joining the centroid to a boundary point. In the centroid distance model, 
lengths of a shape’s radii from its centroid at regular intervals are captured 
as the shape’s descriptor using the Euclidean distance [4]. More formally, let 
θ be the regular interval (measured in degrees) between radii (Figure 2.1). 
Then, the number of intervals is given by k  =  360/θ. All radii lengths are 
normalized by dividing with the longest radius length from the set of radii 
lengths extracted. Furthermore, without loss of generality, suppose that the 
intervals are taken clockwise starting from the x-axis direction. Then, the 
shape descriptor can be represented as a vector as shown in equation (2.5). 

 S r r r r k= { }−0 2 1, , , ..., ( )θ θ θ  (2.5)

Here riθ, 0 ≤ i ≤ (k − 1) is the (i + 1)-th radius from the centroid to the bound-
ary of the shape. With sufficient number of radii, dissimilar shapes can be 
differentiated from each other [5].
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FIGURE 2.2
Considering θ = 10 centroid distance plot of 36 radii.

Figure 2.2 shows the centroid distance plot of a shape boundary.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: Because of the deduction of centroid that designates the 
position of the shape from edge coordinates, this method is invari-
ant to translation.

Limitations: If there is more than one boundary point at same interval, 
this method fails to represent the shape properly.

2.3 Tangent Angle (TA)

TA at a point Bn(x(n), y(n)) is demarcated by a tangential direction (θ) of a 
boundary as represented in equation (2.6) [6]. 

 θ θ( ) arctan
( ) ( )
( ) ( )

n
y n y n P
x n x n P

n= =
− −
− −

 (2.6)

As each boundary is a digital curve, P is a small window to compute θ(n) 
more correctly.

There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: Tangent angle function is capable of reconstructing the 
original data.

Limitations: This method has two issues [7]. One is sensitivity to noise. 
To reduce the noise effect, a low-pass filter with suitable bandwidth 
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is used to filter the contour prior to using this method. The other 
limitation is discontinuity because of the fact that this method 
undertakes values generally in the interval of [−π, π] or [0, 2π]. Thus, 
in general θn comprises discontinuities of size 2π. To get rid from 
the discontinuity issue, with a random initial point, the cumulative 
angular function φn is demarcated as the angle variances among the 
tangent at any curve point Pn and the tangent at the initial point P0 
as shown in equation (2.7). 

 ϕ θ θn n= −[ ]0  (2.7)

Considering the fact that in human perception a circle is shapeless, let 
t = 2πn/L, then φn = φtL/ 2π. A periodic function is called the cumulative angu-
lar deviant function ψ(t) and is demarcated as shown in equation (2.8).

 ψ ϕ ππt tL t t= ∈[ ]−( / ) ; ,2 0 2  (2.8)

L is the number of entire points in the contour.

2.4 Contour Curvature (CC)

CC is a very significant contour characteristic to measure the likeness among 
shapes [8]. It also has salient perceptual features and is confirmed to be very 
beneficial for recognition of the shape. With the aim of using C(n) for shape 
depiction, the function of curvature C(n) is represented by equation (2.9). 

 C n
x n y n y n x n

x n y n
( )

( ) ( ) ( ) ( )

( ) ( )
/=

−

+( )
   

 

2 2 3 2  (2.9)

where  x x,  are the single and double derivative (gradient) in x-direction and 
 y y,  are the single and double derivative (gradient) in y-direction.

Thus, it is possible to calculate the planar curve curvature from its para-
metric depiction. If n is represented by the standardized arc-length param-
eter s, then equation (2.9) can be represented as shown in equation (2.10). 

 C s x s y s y s x s( ) ( ) ( ) ( ) ( )= −     (2.10)

As specified in equation  (2.9), CC is calculated only from parametric 
derivatives, and, thus, it is invariant to translations and orientations [9]. 
CC is proportional to the scale in inverse. A probable technique to attain 
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scale invariance is to standardize CC by the average absolute curvature, 
as represented in equation (2.11). 

 

′ =

=
∑

C s
C s

L
C s

s

L( )
( )

( )
1

1  

(2.11)

where L is the number of points residing on the standardized contour.
When the curve size is a vital characteristic for discrimination, CC 

should be utilized without the standardization; for the determination of 
shape analysis which is invariant to scale, the standardization should be 
achieved.

Initiating from a random point and succeeding the contour in clockwise 
direction, the curvature at every interpolated point is computed utilizing 
equation (2.10). Concave and convex vertices will infer positive and negative 
values, correspondingly (the opposite is substantiated for counter clockwise 
sense) [10].

Figure 2.3 is an example of CC. Clearly, a CC descriptor can discriminate 
various shapes.

There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: The main advantage of this method is that it is steady with 
respect to scale, noise, and change in orientation. It is an information-
preserving feature and possesses an intuitively pleasing correspon-
dence to the perceptive property of simplicity.

Limitations: Minor change in shape can affect the contour curvature 
largely.

FIGURE 2.3
Curvature plot of a shape (177 contour points to generate the curvature are indicated with 
small circles).
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FIGURE 2.4
Area function approach.

FIGURE 2.5
Area plot of a shape (170 contour points to generate the plot are indicated with small circles).

2.5 Area Function (AF)

When the contour points are altered along the shape edge, the area of the 
triangle modeled by two consecutive contour points and the centroid also 
alter  [11]. This  produces an area function that can be considered a shape 
depiction. Figure 2.4 demonstrates this. Let An be the area among the con-
secutive edge points Pn, Pn+1 and centroid C.

Figure 2.5 shows the area function plot of a shape boundary.
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FIGURE 2.6
TAR signature of a shape.

There are some advantages and limitations of AF that are presented here. 

Advantages: This method is linear under affine change. This method is 
rotation invariant up to parametrization with dense enough bound-
ary sampling and is also translation invariant.

Limitations: The linearity under affine transform only works for a shape 
sampled at its identical vertices.

2.6 Triangle Area Representation (TAR)

TAR [12] signature is calculated from the area of the triangles created by the 
contour points on the shape. The curvature of the boundary point (xn, yn) is 
computed utilizing TAR as follows.

For  every three successive points Bn  −  Ps (xn  −  Ps, yn  −  Ps), Bn(xn, yn), and 
Bn +  Ps  (xn +  Ps, yn +  Ps), where n ∈  [1, L] and Ps ∈  [1, L/2  −  1], L indicates even 
contour points. The  signed area of the triangle created by these points is 
specified by equation (2.12). 
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When the boundary is passed through in anti-clockwise direction, zero, neg-
ative, and positive values of TAR represent straight-line, concave, and convex 
points, respectively [13].

Figure 2.6 establishes the entire TAR signature for the star shape.



22 A Beginner’s Guide to Image Shape Feature Extraction Techniques

FIGURE 2.7
Chord length function approach.

By growing the triangle side lengths, i.e., taking further points, 
equation  (2.12) will characterize longer discrepancies along the edge. 
The TARs with various triangle sides can be denoted as various scale space 
functions. The  entire TARs, Ps ∈  [1, L/2  −  1], comprise a multi-scale space 
TAR.

There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: TAR is affine-invariant, vigorous to noise, and robust to 
rigid transformation.

Limitations: TAR has a high computational cost as the most contour 
points are used  [14]. Furthermore, TAR has two main limitations: 
(1)  The  area is not  revealing about the type of the triangle (equi-
lateral, isosceles, etc.) considered, which may be vital for a local 
description of the boundary. (2) The area is not sufficiently precise to 
characterize the shape of a triangle.

2.7 Chord Length Function (CLF)

CLF is obtained from shape contour without utilizing any reference point [15]. 
For every contour point C, its CLF is the minimum distance among C and the 
other contour point C’ so that line CC’ is orthogonal to the tangent vector at 
C (Figure 2.7).
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There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: This method is not variant to translation and it controls the 
biased reference point (the fact that the centroid is frequently biased 
by contour defections or noise) issues.

Limitations: The  chord length function is very delicate to noise, and 
in the signature of even smoothed shape boundaries can cause an 
extreme burst.

2.8 Summary

A shape signature describes a shape with a 1D function from the shape edge. 
To attain the translation invariance, it is generally demarcated by relative 
values. Normalization is essential to achieve invariance in scale. To recom-
pense for rotation variations, shift matching is desirable to search the most 
similar among two shapes. TA, CC, and TAR have the invariance property in 
terms of occultation. Furthermore, computing shape signature from a shape 
is very easy. Shape signatures are delicate to noise, and small variations in 
the edge can result in huge errors while shape matching. Hence, some addi-
tional processing is required to raise its strength and decrease the similarity 
checking load. For instance, a shape signature can be refined by quantizing 
the rotationally invariant signature histogram.
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3
Geometric Shape Features

Shape-based image recovery consists of determining likeness among shapes 
characterized by their features. Some simple and basic geometrical charac-
teristics can be utilized to designate shapes [1]. It distinguishes the shape of 
an image by utilizing geometrical features and then chooses the cluster of 
images that match that shape from a huge database.

3.1 Center of Gravity (CoG)

CoG is also known as centroid [2]. Its location should be static relative to the 
shape. If a shape is signified by its region function, its centroid (Rx, Ry) is rep-
resented by equation (3.1). 
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where M is the number of pixels or points in the shape.
Figure 3.1 illustrates the centroid of a binary region which is demarcated 

by a circle.
If a shape is denoted by its edge, the location of its centroid (Cx, Cy) is rep-

resented by equation (3.2). 
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where A is the contour’s area and can be represented by equation (3.3). 
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FIGURE 3.1
Centroid of a binary region.

FIGURE 3.2
Centroid of a binary contour.

Figure 3.2 illustrates the centroid of a binary contour which is demarcated 
by a circle.

There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: The shape centroid location is static with various contour 
points distribution. The centroid position is static regardless of the 
spreading of points.
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Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.

3.2 Axis of Minimum Inertia (AMI)

AMI is exclusive to the shape [3]. It assists as an exclusive reference line to 
reserve the shape rotation. AMI of a shape is demarcated by the smallest line 
calculated by the integral of the square of the distances to points on the con-
tour of the shape. Since AMI goes through the contour centroid, to discover 
the AMI, transfer the shape and permit the shape centroid be the Cartesian 
coordinate system’s origin. Let the parametric equation of AMI be denoted 
as xsinα − ycosα = 0. The angle of the slope is α.

Let φ be the angle amid the AMI and the x-axis. The inertia is represented 
by equation (3.4). 
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Thus, 
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Let dI/dφ = 0, and φ can be represented by equation (3.5). 

 ϕ π ϕ π=
−









 − < <1

2 2 2
arctan ,

q
p r

 (3.5)

α is assessed by using equation (3.6). 
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FIGURE 3.3
Average bending energy of some shapes.

There are some advantages and limitations of this method that are presented 
here. 

Advantages: This  method is unique for every shape. This  representa-
tion is invariant to orientation, scaling, flipping (reflection), and 
translation.

Limitations: Choosing the proper number of features for a particular 
shape is difficult. The  coordinate of the object needs to be trans-
ferred to a Cartesian coordinate system. This method is not suitable 
for standalone shape descriptors.

3.3 Average Bending Energy (ABE)

ABE [4] is illustrated by equation (3.7). 

 ABE =
=

−

∑1 2

0

1

M
K t

t

M

( )  (3.7)

where curvature function is K(t), t is the arc length parameter, and M is the 
number of contour points. The circle has the least average bending energy.

Figure 3.3 shows the average bending energy of some shapes.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: This representation is rotationally invariant.
Limitations: This  method usually can only discriminate shapes with 

large variations. This  method is not  suitable for standalone shape 
descriptors.
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3.4 Eccentricity

Eccentricity is the calculation of aspect ratio. It is basically the major axis 
length to the minor axis length ratio, thus, though the image is rotated, 
scaled, or translated, eccentricity remains identical [5]. Eccentricity returns 
a scalar that denotes the eccentricity of the ellipse that has the same sec-
ond-moments as the region. The  eccentricity is the ratio of the distance 
among the foci of the ellipse and its major axis length. The value is between 
0 and 1. (0 and 1 are degenerate cases. An ellipse whose eccentricity is 0 
is actually a circle, while an ellipse whose eccentricity is 1 is a line seg-
ment.) It can be computed by minimum bounding rectangle or principal 
axes technique.

3.4.1 Principal Axes Method

Principal axes of a certain shape can be exclusively demarcated as two-line 
segments that cross perpendicularly in the shape’s centroid and denote the 
zero cross-correlation directions [6]. By this technique, a border is perceived 
as a statistical distribution occurrence. The contour covariance matrix C is 
represented by equation (3.8). 
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Here (Rx, Ry) is the shape centroid and cxy = cyx.
The two principal axes lengths are identical with the eigenvalues λ1 and 

λ2 of the contour covariance matrix C, correspondingly, which can be repre-
sented by equation (3.9). 
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FIGURE 3.4
Eccentricity of some shapes.
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Then, eccentricity can be computed by equation (3.10). 

 E = λ
λ

2

1
 (3.10)

Figure 3.4 shows the eccentricity of some shapes.

3.4.2 Minimum Bounding Rectangle (MBR)

MBR is the smallest rectangle that comprises each shape point [7]. For a ran-
dom shape, eccentricity (E) is the ratio of the length L and width W of the 
shape’s MBR at some group of rotations as shown in equation (3.11). 

 E
L

W
=  (3.11)

Elongation (Elo) is another perception created on eccentricity and can be 
expressed as shown in equation (3.12). 

 Elo = −1
W
L

 (3.12)

Elongation values will be in the range of [0, 1]: 0 for symmetrical shapes and 
closer to 1 for shapes with big aspect ratios.

Figure 3.5 shows the MBR and corresponding parameter for elongation.
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FIGURE 3.5
MBR and corresponding parameter for elongation.

There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: Eccentricity is robust to noise.
Limitations: This  method usually can only discriminate shapes with 

large variations. This  method is not  suitable for standalone shape 
descriptors. Furthermore, the matching cost using this method is 
high due to the complex normalization of rotation invariance.

3.5 Circularity Ratio (CR)

CR signifies the comparability of the shape to a circle  [8]. There are three 
explanations. 

 1. CR is the shape area to the circle area ratio having an identical 
perimeter as represented in equation (3.13).

 C
A
A

s

c
1 =  (3.13)

 where As is the shape area and Ac is the circle area having an identi-
cal perimeter as the shape. Let the perimeter be P, so Ac = P2/4π. Then 
C1 = 4π · As/P2 and 4π is static.
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FIGURE 3.6
Approach of circularity.

 2. CR is the shape area to the shape’s perimeter ratio square as shown 
in equation (3.14).

 C
A
P

s
2 2=  (3.14)

 3. CR is also called circle variance and demarcated as shown in 
equation (3.15). 

 C3 =
σ
µ

 (3.15)

 where σ and µ are the standard deviation and mean of the radial 
distance from the shape centroid (Rx, Ry) to the contour points (xi, yi), 
i ∈ [0, M − 1]. They are represented by equation (3.16).
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Figure 3.6 shows the approach of circularity.
Figure 3.7 shows the circularity amount of some shapes.
There are some advantages and limitations of this method that are pre-

sented here. 
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FIGURE 3.7
Circularity amount of some shapes.

Advantages: This method is easy, straightforward, and invariant to simi-
larity transformation.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.

3.6 Ellipticity

3.6.1 Ellipse Variance (EV)

EV is a projection error of a shape to fit an ellipse that has an equiva-
lent covariance matrix as the shape Cshape  =  C (equation  3.8) as shown in 
equation (3.17) [9]. 
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FIGURE 3.8
The ellipticity approach.

EV signifies a shape more accurately than circularity.
Figure 3.8 shows the ellipticity approach of a shape.

3.6.2 Ellipticity Based on Moment Invariants

Shape ellipticity measure, can be computed from the first two Hu moment 
invariants. The  geometric moments, mp,q(S), of a shape S are defined by 
equation (3.18) [10]. 

 m S x y dxdyp q
p q

S

, ( ) = ∫∫  (3.18)

Since any ellipse can be attained by applying an affine transform to a circle, 
shape ellipticity can be obtained from the affine moment invariant of the 
circle. Affine invariance can be defined by equation (3.19). 
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The ellipticity (EM) measure can be defined by equation (3.20). 

 E S I S I SM( ) min ( ), ( )= ( ){ }−
16 162 2 1

π π  (3.20)

which ranges over [0, 1], peaking at 1 for a perfect ellipse.
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There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: This  method is easy, straightforward, and invariant to 
similarity transformation. This  method is more suitable than 
circularity.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.

3.7 Rectangularity

Rectangularity denotes how rectangular a shape is.

3.7.1 Smallest Bounding Rectangle (SBR)

SBR signifies how much the shape fills its SBR and can be represented by 
equation (3.21) [11]. 

 SBR =
A
A

s

br
 (3.21)

where As is the shape area and Abr is the smallest bounding rectangle area.
A weakness of using the SBR is that it is very delicate to protrusions from 

the region and sensitive to noise. Even a narrow spike sticking out of a region 
can massively inflate the area of the SBR and thereby generate very poor 
rectangularity estimations.

3.7.2 Rectangular Discrepancy Method (RDM)

In an effort to overcome the sensitivity of SBR to noise, RDM is a substitute 
in which a rectangle is fitted to the region constructed on its moments [12]. 
Rectangularity is then computed as the normalized discrepancies between 
the areas of the rectangle and region. More exactly, it is specified in the fol-
lowing areas: D, the difference among the rectangle and the region; R, the 
difference between the region and the rectangle; and A, the rectangle’s area. 
Then RDM can be expressed by equation (3.22). 

 RDM = − +
1

D R
A

 (3.22)
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FIGURE 3.9
The rectangularity amount of some shapes.

To overcome variable orientation estimates, the technique was considerably 
enhanced by considering the original orientation estimation both with and 
without a 45° offset. The maximum of the two is reserved as the final rectan-
gularity measure is RDM′.

3.7.3 Robust Smallest Bounding Rectangle (RSBR)

An alternative method to overcome the sensitivity of the SBR is to decrease 
the requirement that the SBR must comprise all the points [13]. If the SBR is 
required to only encompass the majority of the region, then it should be more 
robust in the occurrence of small area deviations in the boundary. The for-
mulation of the criterion for the SBR is similar to the previous measure but 
modified to (D + R)/I where the denominator I is the area of intersection of the 
region and the rectangle rather than the area of the rectangle. This expres-
sion delivers a trade-off between forcing the rectangle to comprise most of 
the data while keeping the rectangle as small as probable. The RSBR is cre-
ated by initiating with the standard SBR rescaled to half its area. The con-
cluding fit delivers the rectangularity as represented by equation (3.23). 

 RSBR = − +
1

D R
I

 (3.23)

Figure 3.9 shows the rectangularity amount of some shapes.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: This method is easy, straightforward, and invariant to simi-
larity transformation.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors. When the bounding rectangles are used, a high sensitiv-
ity to the boundary defect is expected.
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FIGURE 3.10
Illustration of convex hull.

FIGURE 3.11
The convexity amount of some shapes.

3.8 Convexity

Convexity is defined as the ratio of convex hull perimeter CCH over that of the 
original contour CO as shown in equation (3.24) [14]. 

 Convexity = C
C

CH

O
 (3.24)

The region R is convex only if the whole line segment P1P2 is inside the region 
for any two points P1, P2 ∈ R. The region’s convex hull is the minimum con-
vex region including it.

Figure 3.10 illustrates the approach of a convex hull.
Figure 3.11 shows the convexity amount of some shapes.
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FIGURE 3.12
The solidity amount of some shapes.

There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: This method is easy, straightforward, and invariant to geo-
metric transformation.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.

3.9 Solidity

Solidity defines to what extent the shape is concave or convex, and it is illus-
trated by equation (3.25) [15]. 

 Solidity =
A
C

SR

CH
 (3.25)

where ASR is the shape region’s area and CCH is the shape’s convex hull area. 
The convex shape’s solidity is 1 at all times.

Figure 3.12 shows the solidity amount of some shapes.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: This method is easy, straightforward, and invariant to geo-
metric transformation.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.



39Geometric Shape Features

3.10 Euler Number (EN)

EN defines the relationship among the number of adjoining parts and the 
number of shape holes [16]. Let P be the number of adjoining parts and H be 
the number of shape holes. EN is then defined by equation (3.26). 

 Euler = −P H  (3.26)

Figure 3.13 shows the Euler number of some shapes.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: This method is easy, straightforward, and invariant to geo-
metric transformation.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.

3.11 Profiles

The profiles are the shape’s projection to the y-axis (vertical projection) and 
x-axis (horizontal projection) on a Cartesian coordinate system [17]. Let I(i, j) 
be the area of the shape, then the profile is represented by equation (3.27). 
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FIGURE 3.13
Euler number of some shapes.
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FIGURE 3.14
Profiles of some binary shapes.

Figure 3.14 shows the profiles of some binary shapes.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: This method is easy, straightforward, and invariant to geo-
metric transformation.

Limitations: This method is not suitable for standalone shape descriptors.

3.12 Hole Area Ratio (HAR)

HAR is defined as shown in equation (3.28) [18]. 

 HAR =
A
A

H

S
 (3.28)
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FIGURE 3.15
Hole area ratio of some shapes.

where AS is the shape’s area and AH is the entire area of all shape holes. HAR 
is most efficient in differentiating among symbols with large holes and sym-
bols that have small holes.

Figure 3.15 shows the hole area ratio of some shapes.
There are some advantages and limitations of this method that are pre-

sented here. 

Advantages: This method is easy, straightforward, and invariant to geo-
metric transformation.

Limitations: This  method usually can only discriminate shapes with 
large variations. This  method is not  suitable for standalone shape 
descriptors.

3.13 Summary

This chapter presents a technique for distinguishing an object by using some 
geometrical shape features. Generally, the simple geometric descriptor can 
only differentiate shapes with big variances; thus, they are generally utilized 
as filters to remove false hits or to differentiate shapes united with other 
shape descriptors. They aren’t appropriate to be standalone shape descrip-
tors. A shape can be designated by various features. These shape parameters 
are CoG, AMI, ABE, Eccentricity, GR, EV, Rectangularity, Convexity, Solidity, 
EN, Profiles, and HAR.
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4
Polygonal Approximation Shape Features

Polygonal approximation (PA) can be used to overlook the insignificant 
edge discrepancies, and as a substitute capture the complete shape. This is 
beneficial as it decreases the distinct pixelization effect of the outline of 
the shape or contour [1]. PA methods can also be utilized as pre-processing 
techniques for further shape feature extraction.

An open M-vertex polygonal curve A in 2-D planetary is denoted as the 
well-ordered group of vertices A = {a1, …, aM} = {(x1, y1), …, (xM, yM)}. The result 
of polygonal approximation is a curve B comprised of N vertices: B = {b1, …, 
bN}, where the group of vertices bN is a subgroup of A and N < M. The end 
points of B are the end points of A, i.e., b1 = a1 and bN = aM.

PA methods can be utilized as a simple technique for edge explanation and 
representation. There are two categories of optimization problems associated 
with polygonal approximation problems: 

Min-ε problem: Given a polygonal curve A, approximate it by another 
polygonal curve B with a specified number of line segments S so that 
the approximation error E(A) is reduced.

Min-# problem: Given a polygonal curve A, approximate it by another 
polygonal curve B with the least number of segments S so that the 
approximation error E(A) doesn’t exceed a specified maximum 
tolerance ε.

There  are two procedures to estimate the excellence of polygonal 
approximation algorithms. (1) Fidelity calculates how well the approximated 
polygon fits the curve comparative to the optimal polygon in terms of the 
approximation error. (2) Efficiency calculates how dense the approximated 
polygonal presentation of the curve is. They  are demarcated as shown in 
equation (4.1): 

 
Fidelity

Efficiency

= ×

= ×

E
E

S
S

min

min

100

100

 (4.1)

where S is the number of sections for an algorithm under question, Smin is the 
number of segments for min-# solution, E is the approximation error for an 
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approximation algorithm, and Emin is the approximation error of the optimal 
solution for the min-ε problem.

Some polygonal approximation methods are discussed below.

4.1 Merging Method (MM)

Merging approaches can form a line segment by joining consecutive pixels 
if every new pixel which is appended does not cause the section to diverge 
from the straight line too much [2]. Merging techniques generally adhere to 
the following steps: 

Step 1: Merge points along an edge until the least square error line 
acceptable to the points merged so far exceeds a threshold.

Step 2: Record the two end points of the line.
Step 3: Repeat Steps 1 and 2 until all boundary points are handled.

Figure  4.1 demonstrates the merging polygonal approximation technique 
steps. The line represents the approximated polygon.

Some merging polygonal approximation techniques are discussed below.

4.1.1 Distance Threshold Method (DTM)

DTM first selects one point as an initial point on the contour of the shape [3]. 
Then, for every new point which is appended with the initial point, a line is 
drawn to this new point from the initial point. After that, for each point along 
the line/segment the squared error is computed. If the error is greater than 
some predefined threshold, the line from the initial point to the preceding 
point is kept and a new line is started.

FIGURE 4.1
Consecutive steps of merging polygonal approximation technique, starting from the top left 
image and ending at the bottom left image.
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The maximum applied error measures in usage are built on distance among 
the approximated linear segments and the original input curve vertices. The dis-
tance Dk (i, j) from curve vertex Ak =  (xk, yk) to the equivalent approximation 
linear segments (Ai, Aj) is defined as shown in equation (4.2). A diagram of the 
distance to a linear segment from a point on the border is shown in Figure 4.2. 
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4.1.2 Tunnelling Method (TM)

TM is applicable if the border of a shape is thick enough instead of single-
pixel border [4]. The concept is the same as laying the least number of straight 
rods end to end along a curved tunnel. We select one point as the starting 
point and lay as elongated a straight rod as possible. For the tunnel curva-
ture, it is not possible to cover the entire tunnel with a single rod, so another 
rod is laid and another until the end is reached.

Both the tunnelling method and distance threshold method can accom-
plish polygonal approximation proficiently.

4.1.3 Polygon Evolution by Vertex Deletion (PEVD)

The main idea of PEVD is quite simple: in each evolution phase, a couple 
of successive line segments (the line between two successive vertices is the 
line segment) L1 and L2 are replaced by a single line segment merging 
the endpoints of L1 and L2. The significance of this method is the order of 
the replacement [5]. The replacement is finished conferring to a significance 
measure M given by equation (4.3). 
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FIGURE 4.2
Diagram of the distance from a point on the border to a linear segment.
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where β(L1, L2) is the turn angle at the mutual segments’ vertexes L1, L2 and 
S(L1), S(L2) is the length of L1 or L2, normalized with regard to the entire 
polygonal curve length. The evolution procedure presumes that vertices that 
are enclosed by segments with a large value of M(L1, L2) are vital if they are 
not of a low value. Figure 4.3 demonstrates an example.

The polygon evolution [6] technique accomplishes the shape generaliza-
tion task, i.e., the evolution procedure equates the importance of the contour 
vertices constructed on a significance measure. As any digital curve can be 
represented as a polygon without information loss (with probably a bulky 
number of vertices), it is enough to examine the polygonal shapes’ evolutions 
for shape feature extraction.

There  are some advantages and limitations of these methods that are 
presented here. 

Advantages: They  represent the shape with less complexity and no 
blurring effects. They eliminate noise during approximation. There is 
no displacement of appropriate or relevant features, even though 
inappropriate or irrelevant features disappear after polygonal 
approximation. After polygonal approximation, the residual vertices 
on an edge don’t alter their locations.

Limitations: The biggest shortcoming is that the vertices do not always 
correspond to actual corners in the boundary.

4.2 Splitting Method (SM)

SM is an iterative procedure that divides the curve into smaller and smaller 
curves repeatedly until the maximum perpendicular distances of the points 
on the curve from the line segment are smaller than the error tolerance. 
The procedure is repeated recursively for each of the two new lines until no 
break is needed. Figure 4.4 demonstrates an instance. Figure 4.5 shows the 
tree structure for Figure 4.4.

FIGURE 4.3
Steps of polygon evolution, starting from top left ending at bottom right.
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Figure 4.6 shows the splitting technique of a closed curve. First the farthest 
points of the shape are found and joined by a line (X1XP). Then from each side 
of X1XP, the farthest point is recorded (Y1 and Z1). The points are connected 
by line segments: X1Z1, Z1XP, XPY1, Y1  ×  1. For  every segment, the distance 
between its points is checked. If the corresponding points from the original 
border are smaller than a threshold, then stop; otherwise, subdivide the 
segment further.

FIGURE 4.5
Tree structure for Figure 4.4.

FIGURE 4.6
The splitting technique of a closed curve: Y1 and Z1 are the farthest points from X1XP.

FIGURE 4.4
Splitting method for polygonal approximation. In step 1 Y2 is the farthest point from the seg-
ment and the same for steps 2, 3, and 4.
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There are some advantages and limitations of this method that are pre-
sented here. 

Advantages: The algorithm works in any dimension as it only depends 
on computing the distance between points and lines.

Limitations: The main limitation of this method is the dependency on 
the starting point. It also suffers from stressing outliers.

4.3 Minimum Perimeter Polygon (MPP)

MPP approximation offers good depictions for image analysis applica-
tions [7]. The idea is to enclose a boundary by a group of concatenating cells. 
The boundary is permitted to shrink, but it is controlled by the outer and 
inner walls of the bounding area demarcated by the cells. Finally, the shape 
shrinking reveals the MPP. The vertices of the MPP overlap with the corners 
of the outer or the inner wall. The size of the cells controls the accuracy of 
the depiction. The aim is to utilize the highest possible cell size suitable for a 
specified application. The shape of the object surrounded by the inner wall 
of the light gray cells is represented in dark gray (see Figure 4.7). Navigating 
the boundary in counter clockwise direction, we come to the convex (rep-
resented with white dots) or concave (represented with black dots) vertices. 
The vertices of the MPP overlap either with convex vertices in the inner wall 
or with the mirrors of the concave vertices in the outer wall.

The orientation of triplets of points is represented by equation (4.4). 
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Here det(S) is represented as sgn(p, q, r). sgn(p, q, r) > 0 designates that point r 
lies on the positive side of the line passing from (p, q). sgn(p, q, r) < 0 designates 
that point r lies on the negative side of the line passing from (p, q).
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4.3.1 Data Preparation for MPP

• List of coordinates of every vertex.
• Label every vertex as W (convex) or B (concave).
• List of the mirrors of B vertices.
• Vertices essentially are in sequential order.
• The first vertex V0 is the uppermost, leftmost vertex.
• The  algorithm utilizes a black crawler BC and a white crawler WC 

crawling along the mirrored concave (B) and convex (W) vertices 
respectively.

4.3.2 MPP Algorithm

• Initialization: WC = BC = V0.
• VL is the final vertex observed.

FIGURE 4.7
(a) An object boundary (black curve); (b) Boundary enclosed by cells (in gray); (c, d) Region 
(dark gray) resulting from enclosing the original boundary by cells; (e) Convex (white dots) 
and concave (black dots) vertices obtained by following the boundary of the dark gray region 
in the counter clockwise direction; (f) Concave vertices (black dots) displaced to their diagonal 
mirror location in the outer wall of the boundary region; convex vertices are not  changed; 
(g) The result of polygonal approximation using MPP.
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• VK is the present vertex being observed.
• sgn(VL, WC, VK) > 0 denotes VK lies to the positive side of the line 

passing through (VL, WC).
• The subsequent MPP vertex is WC.
• VL = WC.
• Continue with the subsequent vertex after VL.

• sgn(VL, WC, VK) ≤ 0 and sgn(VL, BC, VK) ≥ 0.
• VK is a candidate MPP vertex.
• If VK is convex, then WC = VK.
• Otherwise BC = VK.
• Continue with the subsequent vertex in the list.

• sgn(VL, WC, VK) ≤ 0 and sgn(VL, BC, VK) < 0.
• BC turns into a candidate MPP vertex.
• VL = BC.
• Reinitialize the algorithm by setting WC = BC = VL.
• Continue with the next vertex in the list.

• Continue until the initial vertex is reached again.

There are several advantages and limitations of this method as described as 
follows: 

Advantages: It represents the shape with less complexity.
Limitations: This  is a time consuming approach. It  is difficult to set 

the proper size of the cells, which determines the accuracy of the 
representation.

4.4 Dominant Point (DP) Detection

In  DP detection, maximum shape information is confined in the corners 
(high curvature points), which are able to characterize the border or contour 
of the shape [8]. To approximate curves with straight lines, high curvature 
points are the best place at which to break the lines. There are two key steps 
in these algorithms to attain the dominant points. One is to calculate the 
measure of relative consequence (e.g., curvature), and the other is to attain 
the region of support for calculating the measure of relative consequence. To 
calculate curvature, one must describe the region of support. The dominant 
points attained from the vertices represents the polygon approximation.

There are some advantages and limitations of this method that are pre-
sented here. 
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Advantages: In a time sequence, dominant points can be used to com-
pute the displacement between each pair of consecutive images.

Limitations: The dominant point algorithms have the limitation that they 
spot either less or more points than are really present. The  reason 
for this is that curvature is a local property and is delicate to 
local variations. A  small region of support can’t take care of local 
discrepancies and will consequently generate more dominant points. 
A large region of support will cause loss of accuracy of localization 
so that dominant points matching to fine features cannot be found, 
thus generating fewer dominant points than are really present. 
Additionally, the algorithm is not integrally parallel in nature.

4.5 K-means Method

The  K-means based clustering technique is used to divide the contour 
into P subgroups of points such that every subgroup can be fitted by 
a straight line  [9]. First, the points are divided into P random clusters by 
selecting extreme curvatures as the break points (see Figure 4.8). Then the 
line fitting approaches are developed to solve one of the following issues. 
(1) Type 1 issue: for a specified tolerance of error, the aim is to reduce the 
number of approximating line segments. (2) Type 2 issue: for a specified 
number of approximating line segments, the aim is to reduce the error 
norm among the input digital curve and the approximating polygon. 
(3) Type 3 issue: approximate the input digital curve according to its own 
qualities without any predefined constraint. Type 3 issue is more vital in 
real applications as the required number of approximating line segments 
and the approximation error are not easy to determine prior to seeing the 
results. The solutions of all three issues can be supposed as an optimization 
procedure of finding for appropriate vertices of a polygon from the input 

FIGURE 4.8
Polygonal approximation for the shape. (a) Original image; (b) #DP = 52; (c) #DP = 39.
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digital curve. A complete search for the optimal solution in the parameter 
space will show an exponential complexity; thus, most of the present 
polygonal approximation approaches yield suboptimal outcomes to save 
computational cost (Figure 4.9).

There are some advantages and drawbacks of this method, which is pre-
sented as follows: 

Advantages: If the value of k is small, then K-means is most often the 
computationally faster method.

Limitations: It is difficult to predict the value of K.

4.6 Genetic Algorithm (GA)

Suppose a curve A = {a1, a2, …, ai, …, aj, …, am} is comprised of m points well-
arranged along the curve in a clockwise direction [10]. Consider that a1aj and 
AiAj denote the chord and arc initiating from ai and to aj along the curve path 
in a clockwise direction. The purpose of this method is to detect an approxi-
mate polygon Pn containing n breakpoints from the specified curve A for the 
specified object curve and the number of breakpoints n, so that the entire 
arc-to-chord deviation among the curve and the polygon is reduced.

The following components should be found in a GA for a specific problem: 

 1. A technique for encoding the solution as a binary string
 2. Fitness function
 3. Genetic operators or control parameters

FIGURE 4.9
Polygon approximation by K-means. (a) Original shape boundary; (b) Approximation 
amount = 0.6; (c) Approximation amount = 0.1.
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4.6.1 Encoding

The encoding technique is utilized to map every approximated polygon into 
a unique binary string [11]. Here, a binary string is demarcated as a polygon 
chromosome. An encoding technique should be outlined in such a way that 
it is effective, reasonable, and competent for the process of optimization. 
The  entire chromosome length is the number of original curve points m. 
Every bit of the chromosome denotes a curve point. In the binary string, the 
value 1 of a bit designates that the curve point is the approximated polygon 
breakpoint. The chromosome, the sum of the bit values that is n, signifies a 
polygon with n line segments. For example, the chromosome in Figure 4.10 
(right) is 101011001101.

The arc-to-chord divergence from point ai to point aj, represented as Dij is 
denoted as shown in equation (4.5). 
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where Sk represents the orthogonal distance of a point ak on the original 
curve to its equivalent chord aiaj.

The  entire arc-to-chord deviation among approximated polygon Pn and 
original curve A is represented by the integral square error as shown in 
equation (4.6). 

 E Si

i

m

= ( )
=

∑ 2

1

 (4.6)

FIGURE 4.10
(a) Original curve (m = 12); (b) Approximated polygon (n = 7).
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4.6.2 Fitness

The fitness function F(C) of every chromosome C calculated on g-th genera-
tion is denoted as shown in equation (4.7). 

 F C Max E g E C( ) ( ( )) ( )= −  (4.7)

where E(C) is the integral square error of the equivalent chromosome poly-
gon C. Max(E(g)) is the highest integral square error among all g-th genera-
tion chromosomes.

4.6.3 Genetic Operators or Control Parameters

Genetic operators or control parameters include selection, crossover, and 
mutation. A roulette wheel is used for the selection procedure, where every 
chromosome has a slot that is proportional to its fitness. The probability that 
chromosome Ci (i = 1,2,... M, M = maximum size) is carefully chosen as a next 
generation member is defined as shown in equation (4.8). 
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The M chromosomes are carefully chosen and then pass to a mating pool 
for additional genetic operations. The  successor step is the crossover 
operation after the selection process. To continue the crossover operation, 
two steps are needed. First of all, couples of chromosomes are selected 
arbitrarily in the mating pool. Then, a crossover point is arbitrarily 
chosen for every pair of chromosomes between 1 to the chromosome 
length minus 1. The crossover operation data exchange delivers a great 
deal of the power in genetic algorithms. In  the optimization process, 
crossover has an important role. Lastly, the mutation process includes 
altering the values of genes in a chromosome: it implies altering a 0 to 1 
and vice versa. These three parameters of the genetic algorithm need to 
be adjusted carefully for efficiency.

There are some advantages and limitations of this method, which are pre-
sented as follows: 

Advantages: This method performs a parallel search in complex param-
eter space.

Limitations: The  selection, crossover, and mutation parameters of the 
genetic algorithm need to be adjusted carefully for efficiency, which 
is a challenging job.



57Polygonal Approximation Shape Features

4.7 Ant Colony Optimization (ACO) Method

The study of actual ant behavior informs the ACO method [12]. Ethologists 
detected that ants can build the shortest way from their position to the source 
of the food and back by the use of marks. An ant leaves marks on the ground 
and detects the way by this trail. The next ant will recognize the mark placed 
on various paths and selects one with a probability proportionate to the 
amount of marks on it. Then the ant passes through the selected path and 
leaves a mark itself. This is a recursive procedure which recognizes the path 
along which the most ants formerly passed through. The overall principles 
for the ACO simulation method of actual ant behavior are described below.

4.7.1 Initialization

There  are two parts to initialize the ACO method: the problem graph 
depiction and the preliminary ant circulation. First, the fundamental 
problem is denoted by a graph, G = (N, E), where N and E represent the node 
groups and the edge groups respectively. The graph is linked, but may or 
may not be complete, so that the possible answers to the original problem 
resemble to graph paths that favor the problem-domain constraints. Second, 
several ants are randomly positioned on the nodes selected arbitrarily. 
Then the distributed ants will accomplish a graph tour by creating a path 
conferring to the node transition rule defined next.

4.7.2 Node Transition Rule

The  ants change their position from one node to another grounded using 
this rule. According to the problem-domain constraints, few nodes could be 
demarked as unreachable for a walking ant. For instance, the nodes that an 
ant has visited are marked as unreachable to permit the ant to go to each node 
of the graph in limited steps. The  transition rule for nodes is probabilistic. 
For the i-th ant on node k, the choice of the next node n to trail depends on the 
probability of the node transition, which can be represented by equation (4.9). 
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where τkn is the mark strength of on the edge (k, n), ηkn is the visibility value of 
the edge (k, n), α and β are controller constraints, and tabuk denotes the group 
of presently unreachable nodes for the i-th ant as per the problem-domain 
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constraints. The strength of marks placed on the edge (k, n) denoting the ear-
lier ant knows about this edge is a shared memory that delivers indirect com-
munication among the ants; i.e., by detecting the strength of marks placed on 
edges, the ants communicate with one another. The visibility value is cal-
culated by a greedy heuristic for the fundamental problem that deliberates 
only the local information on edge (k, n) such as the length of it. Parameters 
α and β control the relative influence among the two above-mentioned mea-
surement types.

4.7.3 Pheromone Updating Rule

The ant moves across borders to various nodes by using the node transition 
rule iteratively until an answer to the fundamental problem is created [13]. 
For instance, a solution is attained when an ant passes each node during its 
tour. When each ant creates a solution, an ACO algorithm cycle is finished. 
The strength of marks on every edge is updated by the mark updating rule 
defined by equation (4.10) at the end of every cycle. 
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where ρ ∈ (0, 1) is the perseverance rate of earlier marks, ∆τkn
i  is the amount 

of marks placed on edge (k, n) by the i-th ant at the present cycle, and m is 
the number of scattered ants. In a real ant system, shorter paths will hold 
more amounts of marks; thus, in the ACO method, the paths conforming to 
fitter solutions should obtain more marks and become more attractive in the 
subsequent cycle.

4.7.4 Stopping Criterion

The stopping criterion of the ACO algorithm could be the maximum num-
ber of successive cycles, the CPU time limit, or the highest number of cycles 
among two enhancements of the best global solution.

The following are some advantages and drawbacks of this method. 

Advantages: This  method has inherent parallelism. Positive feedback 
accounts for rapid discovery of good solutions. It is efficient for the 
traveling salesman problem and similar problems. This method can 
be utilized in dynamic applications (as it adapts to changes such as 
new distances, etc.).

Limitations: Theoretical analysis is difficult. Sequences of random deci-
sions are generated. Probability distribution changes by iteration. 
Research is experimental rather than theoretical. Time to conver-
gence is uncertain (but convergence is guaranteed).
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4.8 Tabu Search (TS)

TS initiates from a preliminary solution selected arbitrarily or attained from 
another polygonal approximation technique  [14]. It  travels iteratively from 
one solution to another on the basis of the current solution until a specific 
stop criterion is met. There  is a group of candidate movements, called the 
neighborhood, to choose from during each iteration of movements. Those 
candidates who immediately return to the solutions currently visited are 
referred to as active tabu and are made unattainable by not including them in 
the neighborhood. This is followed by a specially designed memory mechanism 
called the tab list (TL). When a move is selected in a single iteration, the route 
of this move is recorded in the TL, and in the succeeding iterations it will 
not be reversed. The TL has a static size. When the TL is filled, the first element 
should be eliminated before the new element can be placed in, i.e., the TL is 
circular. Therefore, every tabu move will be released and resume accessibility 
after certain iterations reliant on the TL length. Particularly, the tabu move 
status can be overruled and made reachable right away if a specific aspiration 
condition is encountered, such as the tabu move will result in an improved 
objective value over the best one attained until that date. The steps of the TS 
algorithm for the polygonal approximation problem are detailed below.

Suppose there are m points in the input digital curve designated as D = {x0, 
x1,...,xm − 1}. The purpose is to discover the minimum subgroup of D as the 
polygon vertices so that the error norm between D and the polygon is less 
than a predefined threshold value ε (called the ε-bound constraint). The error 
norm (εnorm) can be calculated in various techniques, such as maximal per-
pendicular distance error, integral square error, and the area deviation error.

Every possible solution of the polygonal approximation problem can be 
signified by a binary string as shown in equation (4.11). 

 β = −b b bm0 1 1  (4.11)

where bi = 0 or 1, and the group of vertices of the polygon is represented 
by V = {xi|bi = 1}. Therefore, every bit of β is a pointer defining whether the 
equivalent input point is a vertex. The  number of the polygon vertices is 
equal to the summation of the complete bit values. The approximation error 
can be calculated by evaluating the value of εnorm among the digital curve and 
the approximating polygon described by string β.

The construction of the objective function to the polygonal approximation 
problem is shown using equation (4.12). 

 

Mimimize

Subject to

: ( )

_ :

f bi

i

m

norm

β

ε ε

=

<

=

−

∑
0

1

 (4.12)



60 A Beginner’s Guide to Image Shape Feature Extraction Techniques

The optimal polygon is defined by the solution that has the minimum value 
of the objective function ( f(β)) and satisfies the ε-bound constraint [15].

4.8.1 Initialization

TS initiates from a preliminary solution. There are two ways of creating the 
preliminary solution. One is created on randomization, i.e., arbitrarily choice 
of a value for every parameter of the solution. The other is created on any 
local search polygonal approximation result.

4.8.2 Definition of Moves

The move operations are vital for the performance of TS. Precisely designed 
moves are essential for the application. Three sorts of moves are discussed 
here. The first and the second types of moves accomplish vertex-deletion and 
vertex-addition processes to build a search path. The  third type of moves 
granularly modifies the locations of vertices to satisfy the ε-bound con-
straint. The details are described as follows:

 1. A−-move (vertex deletion process):

 For every element in V, it is moved to D–V related with a vertex-deletion 
probability P. The value of the objective function will be satisfied by 
executing this move as the number of vertices is reduced. The value of 
P controls the reduction rate of the number of vertices. The higher the 
value of P, the quicker the number of vertices reduces. However, the 
ultimate objective value will not be good enough if P is too high.

 2. A+-move (vertex addition process):

 Arbitrarily choose an element from D–V, and move it to V. As an 
alternative to including a probability as used in A−-move, add only 
one vertex for every A+-move and keep the number of vertices as 
small as probable. The value of the objective function will rise by one 
unit and become inferior by executing this move.

 3. B-move (vertex adjustment process):

 Arbitrarily move an element from V to D–V, and vice versa. B-move 
is an advanced level process which combines A−-move and A+-move 
in a sole move. The value of the objective function will not be altered 
by applying B-move as the number of vertices remains identical. 
However, the approximation error (εnorm) can be attuned as excel-
lently as required by operating B-moves iteratively.

To make the finest move in every iteration, a group of trials of the selected 
type of moves is created for the present solution. First, these trial moves are 
arranged based on their objective values (for A−-move) or approximation 
errors (for A+-move and B-move) in increasing order. Therefore, the finest 
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move is the first trial that is not tabu, or which is tabu but satisfies the aspira-
tion criteria described beneath.

4.8.3 Aspiration Criteria (AC)

AC of A−-move: The  tabu status of an A−-move is overruled if it 
results in an improved objective value than the finest one attained 
so far.

AC of A+-move: The tabu status of an A+-move is overruled if it results 
in an approximation error less than ε.

AC of B-move: The tabu status of a B-move is overruled if it results in 
an approximation error less than ε.

After the finest move is selected, the route of this move is documented in the 
bottom of the TL (remove the first element if the TL is full) and should not be 
reversed.

The following are some advantages and limitations of TS. 

Advantages: This  method allows the designer to select the maximum 
number of cells as well as machines in a cell.

Limitations: This method searches all moves that penalize the current 
implementation when the number of variables is very large.

4.9 Summary

The existing polygonal approximation methods can be separated into two 
optimal classes: 

 1. Classical algorithms: merge, split, minimum perimeter polygon, and 
dominant points detection.

 2. Optimization algorithms: K-means, genetic algorithms, ant colony 
optimization methods, and tabu search.

The classical algorithms are generally created on experimental approaches 
or methods. The reliability of these algorithms is generally low as the global 
optimization error is not measured through the course of the approximation. 
In optimization algorithms the approximation problem is measured as an 
optimization task where the global approximation error is the key condition 
to be controlled. The solution that delivers minimum approximation error 
can be attained by stochastic optimization approaches (such as ant colony 
method and genetic algorithms) or by local optimization approaches (such 
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as tabu search). The search can be initiating the search can be attained with 
some experimental algorithm for approximation, or any arbitrary approxima-
tion can be used. Then the preliminary approximation (or approximations) 
is enhanced to search the smallest global approximation error. Algorithms 
of this class can deliver near-optimal or occasionally optimal results, but the 
global optimality can’t be definite even in the case of iterative methods.
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5
Spatial Interrelation Shape Features

The spatial interrelation function defines the region or shape contour by the 
relation of its curves or pixels. The representation is completed utilizing its 
geometrical characteristics: length, curvature, relative location and orienta-
tion, distance, area, etc.

5.1 Adaptive Grid Resolution (AGR)

In  the AGR, a grid that is square and large enough to fit the whole shape 
is covered with a shape  [1]. The grid cell resolution diverges from part to 
part, depending on the content of the part of the form. The high resolution 
is applied to the contour or detail part of the shape, while low resolution is 
applied to the rough areas of the shape.

To ensure the invariance of orientation, one must translate a random oriented 
shape into an inimitable mutual orientation. Initially, search the main shape 
axis. The main axis is the straight-line segment, which links the two points on 
the outline the most distant from each other. The shape is then rotated so that 
the main axis parallels the x-axis. This rotation is not yet exclusive, because 
there are two choices: one point may be on the right or the left. This issue is 
resolved by calculating the polygon centroid and ensuring that the center of 
gravity is beneath the main axis, consequently ensuring an exclusive rotation.

The calculation technique for the shape’s AGR representation uses quad-
tree breakdown to the bitmap presentation of the shape [2]. When the bitmap 
is successfully subdivided into four equal size quadrants, the decomposition 
is created. If a bitmap quadrant doesn’t contain part of the shape completely, 
it is recursively divided into smaller quadrants until the bitmap quadrants 
are reached, i.e. the recursion’s end condition is attained at the predefined 
resolution value. Figure 5.1a is an AGR example.

To denote the AGR image, the quad-tree technique is imposed. Every 
quad-tree node covers a bitmap square area. The node level in the quad-tree 
detects the shape size. The interior nodes (exhibited by grey circles) charac-
terize partly obscured areas; the white colored boxes signify the leaf node 
areas with all zeros whereas the black colored boxes denote the leaf nodes 
areas with all ones. The all ones areas are utilized to denote the shape that is 
illustrated in Figure 5.1b.
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This method has several advantages and limitations listed as follows: 

Advantages: Because the normalization is done prior to the computation 
of AGR, AGR depiction is not variant under scaling, orientation, and 
translation. It is also simple enough to compute.

Limitations: Setting the proper resolution for a particular shape is difficult.

5.2 Bounding Box (BB)

BB calculates homeomorphisms among its shape and two-dimensional lat-
tices or frames. This projection is not  limited to simply linked shapes, but 
unlike many other approaches [3], it applies to random topologies.

To create an invariant bounding box depiction to orientation, a shape 
should be normalized prior to further calculation. The smallest bounding 
box or bounding rectangle of shape S is represented by B(S); its height and 
width are referred to as h and w, respectively.

The BB splits a shape S into p (row) × q (column) segments. An illustration 
of this process and its outcome is shown in Figure 5.2.

FIGURE 5.1
Adaptive resolution representation. (a) AGR image; (b) Quad-tree breakdown of AGR.

FIGURE 5.2
Five bounding box split steps. (a) Bounding box of a pixel set S; (b) Split S into q vertical parts; 
(c) Calculate the bounding box of every resultant set Sj where j  = 1, 2, …, q; (d) Split every 
bounding box into p horizontal parts; (e) Calculate the bounding box of every resultant pixel 
set Sij, where i = 1, 2, …, p.
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If L = (Lx, Ly)T signifies the bottom left corner position of the first bounding 
box of the shape S and Cij = ( , )c cx

ij
y
ij  represents the center of sample box, then 

the coordinates can be represented by equation (5.1). 
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This delivers a representation of S that is scale invariant. Sampling M points 
of a p × q lattice consequently allows characterization of S as a vector (v) as 
represented in equation (5.2). 
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There are several advantages and limitations of BB that are listed here. 

Advantages: Bounding box depiction is an easy computational geometry 
method to calculate homeomorphisms among lattices and shapes. 
It is efficient in time and storage. It is invariant for scaling, orienta-
tion, and translation and resistant to noisy shape contours.

Limitations: Setting the proper value of horizontal and vertical slices is 
challenging.

5.3 Convex Hull (CH)

A  number of convex hulls are used to represent shape in this approach. 
The  convex hull (CH) is the tiniest convex polygon containing an object 
entirely. The object boundary is smoothed before this approach is applied [4]. 
For a region S, the CH is demarcated as the minimum convex set comprising S.

A concavity tree (Figure 5.3) can be obtained as the shape depiction after 
applying this method recursively. Every concavity can be defined by the 
following: 

• Area
• Chord length
• Extreme curvature
• Distance to the chord from extreme curvature point

The similarity checking among shapes is converted to a graph or a string 
matching.
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This method has several advantages and limitations that are discussed as 
follows:

Advantages: CH depiction has a large storing efficacy. It is not variant 
for scaling, orientation, and translation and is also resistant to noisy 
shape contour (after filtering).

Limitations: Convex hulls are prone to errors when the images are 
not exactly same.

5.4 Chain Code (CC)

CC is a method to represent an object contour by a connected sequence of 
straight-line segments of specified direction and length. This  straight-line 
segment is a sequence of integers [5].

5.4.1 Basic

Basic CC designates the motion across a digital curve or an arrangement 
of contour pixels by utilizing 4-connectivity or 8-connectivity  [6]. Every 
movement direction is determined by numbers from 0 to 3 (in the case of 
4-connectivity) or from 0 to 7 (in the case of 8-connectivity) signifying an 
angle of 90° or 45° separation in a counter clockwise direction concerning the 
positive x-axis, as represented in Figure 5.4.

This method is invariant to translation. The boundaries can be matched 
by equating their CCs, but there are two main limitations to this method: 
(1) it is variant to orientation; (2) it is very delicate to noise. To correct these 
issues, differential CC (DCC), re-sampling CC (RCC), and vertex CC (VCC) 
were proposed.

FIGURE 5.3
Recursive procedure of CH. (a) Original shape; (b) CH and its concavities: Step 1; (c) CH and its 
concavities: Step 2; (d) Concavity tree representation of CH.
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5.4.2 Differential

DCC is attained from first difference of CC  [7]. The first difference of CC 
is attained by considering two numbers of CC and computing the number 
of transitions needed to reach the second number in a counter clockwise 
direction from the first number. The first difference is orientation invariant. 
The shape number is attained after normalization of DCC. For the least mag-
nitude of shape number, normalization is utilized. Normalization treats a 
CC as a circular sequence and redefines the initial point so that the resultant 
sequence of numbers comprises a least integer.

5.4.3 Re-sampling

RCC consists of re-sampling the edge onto a rougher grid and then calculat-
ing the CCs of this rougher presentation [8]. This eliminates minor discrep-
ancies and noise but can help to recompense for differences in length of the 
chain code because of the pixel grid.

5.4.4 Vertex

VCC enhances the chain code profitability [9]. The VCC is based on the cell 
vertices numbers that are in touch with the shape’s bounding edge. In the 
vertex chain code, only three elements are used to represent the shape 1 (if 
two vertices touch), 2 (if three vertices touch), and 3 (if four vertices touch). 
Figure 5.5 shows VCC to recognize the elements for shape representation.

5.4.5 Chain Code Histogram (CCH)

The CCH replicates the probabilities of various directions within the con-
tour [10]. If CC is utilized to match, it must not be dependent on the initial 
pixel selection in the arrangement. CC is generally large in dimensions and 
delicate to distortion and noise. Therefore, excluding the CCH, the other CC 
methods are frequently utilized to represent the contour, but not as contour 
attributes. Figure 5.6 shows the CCH representation of an image.

FIGURE 5.4
Direction of basic CC. (a) CC in four direction (4-connectivity); (b) CC in eight direction 
(8-connectivity).
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There are several advantages and limitations of chain code representation. 

Advantages: A compressed contour representation.
Limitations: Chain code depends on the starting point. Operations such 

as scaling and rotation result in different contours that in practice 
cannot be normalized (due to a finite grid) and hence in different 
chain codes.

5.5 Smooth Curve Decomposition (SCD)

SCD can be considered as a shape descriptor  [11]. The  segments from a 
Gaussian smoothed boundary to the curvature zero-crossing points are uti-
lized to attain primitives, called tokens. Every token’s extreme curvature and 

FIGURE 5.5
Representation of VCC.

FIGURE 5.6
CCH representation of a binary image.



71Spatial Interrelation Shape Features

rotation is considered a feature. Weighted Euclidean distance measurement 
is used to check the similarity among two tokens. The non-metric distance is 
used to measure the shape similarity.

There are several advantages and limitations of this method. 

Advantages: Shape retrieval built on token representation is vigorous in 
the occurrence of partly occulted objects, orientation, scaling, and 
translation.

Limitations: For a specific shape, it is difficult to set the proper amount 
of Gaussian smoothing.

5.6 Beam Angle Statistics (BAS)

The shape descriptor for BAS is created on the beams initiated from a shape 
contour point [12,13]. Let S be the shape contour. S = {P1, P2, …, PM} is denoted 
by a connected sequence of points, Pi = (xi, yi), i = 1, 2, …, M, where M is the 
number of contour points and Pi = Pi + M. For each point Pi, the beams are 
defined as the set of vectors as shown in equation (5.3). 

 L P FV BVi i n i n( ) = { }+ −,  (5.3)

where FV PPi n i i n+ +=
� �����

 (forward vector) and BV PPi n i i n− −=
� �����

 (backward vector) 
in the n-th order neighborhood system (see Figure 5.7, n = 4 for example). 
For every point Pi, the beam angle between FVi+n and BVi−n in the n-th order 
neighborhood system is represented by equation (5.4). 
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For  every contour point Pi, the beam angle An(i) can be used as an arbi-
trary variable with the probability density function P(An(i)). Hence, for a 
shape descriptor, BAS may deliver a compact depiction. For  this motive, 
the k-th moment of the arbitrary variable An(i) is demarcated as shown in 
equation (5.5). 
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Here E is the expected value.
There are several advantages and limitations of this method that are listed 

here. 

Advantages: The shape descriptor for the BAS captures the perceptual 
information utilizing the statistical information on the discrete 
point’s beam. It  produces globally distinct characteristics at every 
point of contour by using the entire border points. The BAS descrip-
tor is also relatively steady under inconsistencies and not variant for 
orientation, scaling, and translation.

Limitations: BAS can’t calculate the feature vectors of boundary points 
in the lack of parametric border representation. Thus, it can’t be 
utilized to calculate the feature vectors of edge pixels even if it is 
not possible to extract the shape boundary.

5.7 Shape Matrix (SM)

SM descriptor is a P × Q matrix to present a region shape. There are two basic 
modes of shape matrix: Square model and polar model.

5.7.1 Square Model

This  method is also referred to as grid descriptor. Basically, a cell grid is 
covered in a shape and the grid is scanned from left to right and from top 

FIGURE 5.7
Beam angle at the 4-th order neighborhood system for a contour point.
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to bottom. The outcome is a bitmap. The cells covered with the shape are 
assigned to 1 and the ones not covered with the shape to 0. The shape can 
then be shown as a binary function vector [14].

Split the square into Q × Q sub squares and represent by Sni, n, i = 1,…, Q, 
the sub squares of the created grid. Express the shape matrix Bni as shown in 
equation (5.6). 

 B
S S S

ni
ni ni=
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



1 2
0

µ µ /
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where S is the shape and µ is the area of the shape. Figure 5.8 demonstrates 
the method.

For a shape with more than one maximum radius, several shape matrices 
can be defined, and the distance of similarity between these matrices is the 
smallest distance.

5.7.2 Polar Model

The polar model of a shape matrix is characterized by the following steps [15]. 
A polar raster of concentric circles and radial lines is overlaid in the centroid 
of the shape (Figure 5.9a). The binary shape value is measured at the intersec-
tions of the circles (p) and radial lines (q). The shape matrix is formed in such 
a way that the circles match the matrix columns and the radial lines match 
the matrix rows. Figure  5.9 demonstrates an instance of the polar shape 
model (PSM), where p = 4 and q = 8.

This representation is easier than the square model as it only utilizes one 
matrix regardless of the number of the largest radii of the shape. However, as 
the sampling density with the polar sampling raster is not static, a weighed 
shape matrix is needed.

FIGURE 5.8
Square model shape matrix: (a) Original shape region; (b) Square model shape matrix; 
(c) Rebuilding of shape region.
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There  are several advantages and limitations of this method which are 
presented here. 

Advantages: The  shape matrix for each compact shape is available. 
The size of the shapes that can be characterized by the shape matrix 
is not destined. Further, shape matrix can be designed for a shape 
with holes. The  polar matrix representation is invariant to trans-
lation, rotation, and scaling. The  object can be recreated from the 
shape matrix.

Limitations: The  accuracy of shape recognition by using this method 
is specified by the grid cell’s size. Thus, if the size of the grid is 
not  proper with respect to the shape, then the recognition may 
not be accurate.

5.8 Shape Context (SC)

SC has been revealed to be a useful tool for the tasks of object recogni-
tion [16]. A shape is represented by a discrete set of sampled points from the 
shape’s internal or external contours. These can be obtained as edge pixel 
locations P = {p1, p2, …, pn} of n points as found in an edge detector. The set of 
vectors is calculated from one point (pi) to all the other shape sample points. 
These vectors express the configuration of the whole shape in relation to 
the point of reference. This set of n−1 vectors is obviously a rich description, 
because as n grows big, the representation of the shape becomes accurate. 
For a shape contour point pi, a course histogram of the relative coordinated 
of the remaining n−1 points is computed. This histogram is referred to as the 
shape context of pi.

FIGURE 5.9
Polar shape model: (a) Shape region; (b) Polar shape model of the shape.
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There are several advantages and limitations of SC which are presented 
here. 

Advantages: SC has been useful to a variability of object recognition 
issues. The shape context descriptor has the different properties of 
invariance. This descriptor is fundamentally invariant to translation 
because it is built on relative point positions. For clutter-free images, 
the scale invariant descriptor can be obtained by standardizing the 
radial distances by the median (or mean) distance between entire 
points of pairs. The rotation invariant descriptor can be formed by 
orienting the coordinate system at every point in order to align the 
positive x-axis with the tangent vector. The descriptor is vigorous 
against small discrepancies of the shape. Outliers are the points with 
an ultimate matching cost greater than a threshold value. To reduce 
the outlier’s effects, dummy points are added.

Limitations: The performance of the shape context algorithm is strictly 
affected by the number of sample points selected.

5.9 Chord Distribution (CD)

The  main goal of this descriptor is to compute all the shape’s chord 
lengths (entire pair-wise distances between contour points) and to create 
a histogram of their lengths and rotations. Figure 5.10 shows an example 
of CD [17].

There  are some advantages and limitations of CD which are presented 
here. 

FIGURE 5.10
Chord distribution.
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Advantages: The  length histogram is not  variant to scales and rota-
tion linearly with the object’s size. The chord angle histogram is 
not variant to object size and shifts comparative to orientation of 
the object. Also, because it is fast, it is suitable for solving an initial 
alignment transformation between shapes, and it can be used for 
matching, indexing, retrieval, and recognition of shapes in large 
databases.

Limitations: These descriptors are not  satisfactorily compact. 
Furthermore, they rely constantly on a reference point whereby the 
shape border is parameterized. This dependence is easy as the con-
tour is closed, and any point on the contour can be utilized as a refer-
ence point, thus these features might be changed.

5.10 Shock Graphs (SG)

SGs are based on a medial axis [18]. A skeleton can be defined as a linked 
set of medial lines on a figure’s limbs. For instance, the skeleton can be the 
path actually traveled by the pen in the case of thick hand-drawn characters. 
In reality, the basic concept of the skeleton is to eliminate redundant infor-
mation while only retaining topological information about the structure of 
the object, which can help to recognize it. The medial axis is the locus of the 
maximum disks centers that fit in the shape. This  is shown in Figure 5.11. 
The bold line in the figure is a rectangular shaded skeleton. The skeleton can 
then be broken down into segments and graphically represented according 
to certain criteria.

SG is a concept of the shape that breaks a shape into a group of hierar-
chically prepared primitive portions. Shock segments are monotonic flow 
curved sequences of the medial axis and deliver the medial axis segments in 
a more sophisticated way. This descriptor can discriminate the shapes, but 
the medial axis can’t. The matching between shapes becomes a graph match-
ing. Figure 5.12 displays a shape and its shock graph.

FIGURE 5.11
Medial axis of a rectangle.
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There are some advantages and limitations of SG that are presented here. 

Advantages: The  algorithm of shock graphs has decent performance 
for contour disturbances, parts articulation and deformation, scale 
variations, segmentation inconsistencies, viewpoint varieties, and 
partial occultation.

Limitations: The computation complexity is very high.

5.11 Summary

Spatial feature descriptor is a shape description technique. These descriptors 
can use statistical theory (beam angle statistics, chain code histogram, chord 
distribution and shape context), tree-based analysis (convex hull and adap-
tive grid resolution), or syntactic analysis (smooth curve decomposition) to 
extract or characterize a shape characteristic. This structure of description 
not only compresses the shape data, but also delivers an expressive and com-
pact form to promote additional operations of recognition.

FIGURE 5.12
(a) Binary image; (b) Medial axis segment of (a); (c) Shock graph representation of (b).
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6
Moment Shape Feature

Moment invariants are often used as image processing, shape recognition, 
remote sensing, and classification features. Moments can describe character-
istics of uniquely shaped objects [1].

6.1 Contour Moment (CM)

CM, the study of a boundary or outline, can be utilized to decrease the 
dimension of contour depiction [2]. Assuming a shape contour with B con-
tour points is denoted as a 1-dimensional shape representation s(i), the p-th 
moment Mp and central moment µp can be assessed by equation (6.1). 
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The normalized moments are not variant to shape orientation, scaling and 
translation can be expressed by equation (6.2). 
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Shape descriptors with minimum noise-sensitivity can be attained from 
equation (6.3). 
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The additional contour moments technique treats the 1D shape feature func-
tion s(i) as an arbitrary variable a and generates an N bins histogram H(ai) 
from s(i). Then, the p-th central moment is attained by equation (6.4). 
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There are several advantages and limitations of the method which are men-
tioned as follows: 

Advantages: It is easy to develop.
Limitations: It is hard to develop moments of higher order with physical 

understanding.

6.2 Geometric Invariant Moment (GIM)

The  GIM descriptor is the easiest of the moment functions with basis 
ψmn = xmyn; although it is complete, it is not orthogonal [3]. Geometric moment 
function Gmn of order (m + n) is specified as shown in equation (6.5). 

 G x y I x ymn
m n

yx

= ( )∑∑ ,  (6.5)

where I(x, y) is the digital image function and m, n = 0, 1, 2, …
The geometric central moments, which are not variant to translation, are 

represented as shown in equation (6.6) where xʹ and yʹ are the centroid 
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The moments are additionally normalized for the effects of alteration of 
scale utilizing equation (6.7) [4]. 
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where 
γ = + +m n

2
1

A group of seven geometric invariant moments (φ) derived from second and 
third order moments can be represented by equation (6.8). 
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Geometric invariant moments have several advantages and drawbacks that 
are listed as follows [5]: 

Advantages: They  are algorithmically simple. Furthermore, they are 
not variant to scaling, rotation, translation, and mirroring.

Limitations: The  basis of this method is not  orthogonal; thus, these 
moments suffer from high redundancy of information. Moments in 
higher order are very delicate to noise. The basis contains powers of 
m and n, thus, the moments calculated have huge discrepancy in the 
dynamic values range for various orders. This may cause numerical 
uncertainty when the image is big.

6.3 Zernike Moment (ZM)

ZMs are orthogonal moments  [6]. The  complex ZMs are obtained from 
orthogonal Zernike polynomials. The  image is mapped into polar co-
ordinates (r, θ) and onto unit circle. r is the length of the vector from the 
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origin to the pixel (x, y); θ is the angle between the vector r and x axis in 
counter clockwise direction. (x, y) can be represented by polar coordinate 
(Figure 6.1) as shown in equation (6.9). 

 x r y r= =cos , sinθ θ  (6.9)

The orthogonal radial polynomial Rpq(r) is defined by equation (6.10). 
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p = 0, 1, 2, …; 0 ≤ |q| ≤ p; and p−|q| is even.
Zernike polynomials are a whole group of complex valued functions per-

pendicular over the unit disk, i.e., x2 + y2 ≤ 1. ZM of order p with duplication 
q of shape region I(x, y) is specified by equation (6.11) [7]. 

 
Z

p
I r r R r jqpq pq

r

=
+ ( ) ⋅ ( ) ⋅ ( )∑∑1
π

θ θ θ
θ

cos , sin exp
 

(6.11)

where r ≤ 1, j = √−1 and θ = tan−1y/x.
If the image is oriented by an angle α, the transformed ZM functions ′Zpq 

are represented by equation (6.12). 

 ′ = ⋅ −Z Z epq pq
jqα  (6.12)

This represents that the magnitude of the moments remains identical after 
the rotation [8].

FIGURE 6.1
Polar coordinate representation of (x, y).
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Reconstruction of an image with ZM is shown in Figure 6.2.
ZMs have several advantages and limitations that are mentioned here. 

Advantages: The magnitudes of ZMs are orientation invariant. They are 
vigorous to minor variations and noise in shape. They  have the 
smallest redundancy of information because the basis is orthogonal.

Limitations: The image coordinate space essentially can be changed to 
the orthogonal polynomial domain demarcated. Discrete summa-
tions are computed from the continuous integrals. Not  only does 
this calculation generate numerical inaccuracies in the calculated 
moments, but it also strictly affects quantitative features such as 
orthogonality and invariance of orientation. As the radial Zernike 
polynomial order grows into a large number, the computational 
complexity also rises.

6.4 Radial Chebyshev Moment (RCM)

RCM of order m and repetition n is represented by using equation (6.13). (r, θ) 
is the polar coordinate representation where r is the length of the vector from 
the origin to the pixel (x, y); θ is the angle between the vector r and x axis in 
a counter clockwise direction [9]. 
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FIGURE 6.2
Reconstruction of an image with ZM.
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For an image I of size D × D, tm(r) is the scaled orthogonal Chebyshev poly-
nomials which can be denoted by equation (6.14). 
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The squared-norm ρ(m, D) is represented by equation (6.15). 
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where m = 0, 1, …, D−1 and p = (D/2) + 1.
The mapping among image coordinates (x, y) and (r, θ) is represented by 

equation (6.16). 
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Radial Chebyshev moments have several advantages and limitations that are 
mentioned here. 

Advantages: This method has rotational invariance property.
Limitations: This moment samples the identical number of points for vari-

ous radii when computing the values of the moments, which leads to too 
many sampling points when the radius is small and inadequate sampling 
points when the radius is large. So, this moment can’t attain decent per-
formance in calculating efficacy and calculating accuracy concurrently; 
particularly for large images, the moments don’t work well.

6.5 Legendre Moment (LM)

Moments with Legendre polynomials as kernel function are called Legendre 
moments [10]. LMs fit to the class of orthogonal moments, and they are uti-
lized in numerous pattern recognition applications.
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The  two-dimensional LM Lmn of order (m + n), with digital image func-
tion I(x, y), demarcated on the square  [−1, 1]  ×  [−1, 1] is represented by 
equation (6.17). 
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where the Legendre polynomial, Pm(x), of order m is denoted by equation (6.18). 
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The  recurrence relationship of Legendre polynomials, Pm(x) of order m, is 
given as shown in equation (6.19). 
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where P0(x) = 1, P1(x) = x and p > 1. As the area of Legendre polynomial [9] 
is the interior of [−1, 1], a square image of D × D pixels with intensity func-
tion I(s, t), 0 ≤ s, t ≤ (D−1), is resized in the region of −1 < x, y < 1. The out-
come of equation  (17) can now  be depicted in discrete form as shown in 
equation (6.20). 
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where the normalizing constant is denoted by equation (6.21), 
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xs and yt represent the normalized pixel coordinates in the range of [−1, 1], 
which are represented by equation (6.22). 
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This method has several advantages and limitations that are listed as follows: 

Advantages: This  moment can be used in image reconstruction. 
This moment can be utilized to reach a near zero value of redun-
dancy measure in a group of moment functions, so that the moments 
resemble independent features of the image.

Limitations: This method cannot convert into a rotational invariant form.

6.6 Homocentric Polar-Radius Moment (HPRM)

The contour of the object is attained using an 8 connected neighbor area edge 
algorithm [11]. It is a single-pixel wide contour. The function of polar-radius 
is as defined in equation (6.23). 

 r x x y yp p c p c= −( ) + −( )2 2
 (6.23)

where (xp, yp) are the coordinates of the p-th contour pixel. The centroid of the 
object contour is (xc, yc). P = 0, 1, …, M−1, where M is the overall number of 
the contour pixels. 

 x
M

x y
M

yc p

p

M

c p

p

M

= =
=

−

=

−

∑ ∑1 1

0

1

0

1

,  (6.24)

By this technique, the function of polar-radius can be attained.
The polar-radius moment is defined as shown in equation (6.25). 
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where μm is the m-th order moment of the contour.
The normalized moment and central normalized moment are represented 

by equation (6.26). 
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Let rmax and rmin be the longest and shortest one in entire rp. The radius Rn 
of the n-th circle is defined by equation (6.27). 
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where W r r= −max min, m = 1, 2, …, t, W is the width, and t is the total number 
of the circles. μncp(Rn) is the shape descriptor using a homocentric polar-radius 
moment.

HPRM has several advantages and limitations that are mentioned here. 

Advantages: The method has the invariance properties against transla-
tion, rotation, and scaling.

Limitations: Selecting the effective value of t is difficult.

6.7 Orthogonal Fourier-Mellin Moment (OFMM)

OFMMs are expressed in a polar coordinate system (r, θ) over the unit circle 
as shown in equation (6.28) [12]. 
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where the rounded harmonic order q  =  0, ±1, ±2, …, and the Hp(r) is a 
radial polynomial in r of degree p. The polynomials Hp(r) are expressed by 
equation (6.29) over the 0 ≤ r ≤ 1. 
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Hence, the normalization constant in equation  (6.28) is expressed by 
equation (6.30). 
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Here αpi is a coefficient of the p-th polynomial with p initiating from zero. 
The  radial polynomial Hp(r) and the harmonic polynomial exp(−jqθ) have 
unrelated variables r and θ, and parameters p and q where j = √−1.
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The  radial polynomial Hp(r) can be computed recursively as well and 
expressed by equation (6.31). 
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As the group of Hp(r) is orthogonal over the range 0 ≤ r ≤ 1: 

 H r H r rdrp k p pk( ) ( ) =∫ α δ
0

1

 (6.32)

where δpk is the Kronecker symbol; the basis function Hp(r)exp(−jqθ) in 
equation (6.28) is orthogonal over the unit circle.

One of the vital features of the orthogonal Fourier-Mellin moment is its 
rotating invariance [13]. If the image function I(r, θ) is oriented by an angle 
α and its moments after orientation are denoted as FMpq′ , the relationship 
between FMpq′  and FMpq is expressed by equation (6.33). 

 FM FM jqpq pq′ = −( )exp θ  (6.33)

which designates that the magnitude of the orthogonal Fourier-Mellin 
moments, |FMpq|, is an orientation-invariant feature of the image function 
I(r, θ).

The  orthogonality of the group Hp(r)exp(−jqθ) permits us to recreate an 
image function demarcated in the unit circle by the inverse orthogonal 
Fourier-Mellin transform as shown in equation (6.34). 
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In  practice, with a limited group of orthogonal Fourier-Mellin moments 
FMpq, where—Qmax ≤  q ≤ Qmax and 0 ≤ p ≤ Pmax, a rough version of I(r, θ), 
I′(r, θ) can be attained by equation (6.35). 
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The following are some advantages and limitations of OFMM. 

Advantages: This moment is orientation invariant. For small images, the 
description by OFMM is better than that by the Zernike moments in 
terms of image reconstruction errors and signal-to-noise ratio.

Limitations: This method is very sensitive to noise. OFMMs suffer from 
geometric error and numerical integration error. The geometric error 
rises when the square image is mapped into a unit disk and the 
mapping doesn’t become perfect. The  numerical integration error 
arises when the double integration comes close to the zeroth order 
summation.

6.8 Pseudo-Zernike Moment (PZM)

The kernel of PZM is a group of orthogonal pseudo-Zernike polynomials 
demarcated over the polar coordinate space in a unit circle  [14]. The  two-
dimensional pseudo-Zernike moments of order m with repetition n of an 
image intensity function I(r, θ) are defined as shown in equation (6.36). 
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where pseudo-Zernike polynomials Pmn(r,θ) are represented by 
equation (6.37), 
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and the real-valued radial polynomials, Rmn(r), are specified as in 
equation (6.38). 
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where 0 ≤ |n| ≤ m. As PZMs are demarcated [15] in terms of polar coordi-
nates (r, θ) with |r| ≤ 1, the calculation of pseudo-Zernike polynomials needs 
a linear transformation of the image coordinates (p, q), p, q = 0, 1, 2,..., T−1 to a 
suitable domain (x, y) ∈ R2 inside a unit circle. Based on this figure, the sub-
sequent discrete approximation of the continuous pseudo-Zernike moments’ 
integral in equation (6.36) can be represented by equation (6.39). 
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where the image coordinate transformation to the domain of the unit circle 
is presented by equation (6.40). 
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The image intensity function I(p, q) can be recreated from a limited number 
S orders of pseudo Zernike moments using equation (6.41). 
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where Zmn
c  and Zmn

s  represent the real and imaginary parts of Zmn, respectively.
The followings are some of the advantages and limitations of PZM. 

Advantages: PZMs have been proven to be superior to other moment 
functions such as Zernike moments in terms of their feature rep-
resentation abilities. PZMs offer more feature vectors than Zernike 
moments.

Limitations: Computation time is high.

6.9 Summary

Moment features are used for the recognition of a small group of distinct 
objects. This feature can be used for pre-classification for more accurate com-
parison (boundary matching) in order to decrease the number of candidates. 
Typical applications using moment features are image recognition, robot 
vision, character recognition, etc. Simple operations are involved to compute 
moment features. This type of feature can be computed from image matrix, 
run-length code, and chain code. Boundary-based moment shape descrip-
tors consider only the boundary information, overlooking the shape’s inter-
nal content. Thus, these moment descriptors can’t signify shapes for which 
the whole boundary information is not accessible. On the other hand, region-
based moment descriptors exploit both boundary and interior pixels, and 
hence are relevant to generic shapes.
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7
Scale-Space Shape Features

Scale-space theory is a multi-scale signal representation paradigm formed 
by groups of machine learning, image processing and computer vision with 
complementary intentions from biological vision and physics [1]. It is a for-
mal theory for managing image structures on various scales, portraying an 
image as a single parameter family of smooth images, the representation of 
scale and space, parameterized by the size of the smoothing kernel utilized 
to suppress fine structures.

7.1 Curvature Scale Space (CSS)

This  method is created on multi-scale depiction and curvature to signify 
planar curves. The creation of a CSS image involves stages as follows [2]: 

• The  edge of the image is attained by utilizing the Canny edge 
detector.

• Then the Gaussian kernel is convolved with the edge of the image. 
This procedure is called smoothing of the image curve.
• The convolution is comprised of two constraints: l is termed the 

arc length constraint and σ is called the scale constraint.
• The scale constraint σ is slowly amplified or increases through 

convolution. The image become smoothed as σ rises.
• When σ = 0, the smoothed image is identical to the original image 

with every detail and as the σ rises, smoothed image becomes 
blurred and the resultant image is produced with less details.

• The  concluding CSS image is comprised of several arch shaped 
edges that hinge on the concavity (inflections or shape) of the object.

• The smoothing of the contour stops when the number of curvature 
zero crossings turn out to be zero.
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Figure 7.1 displays the stages in the smoothing of the specified image edge.
The CSS image is a binary image that signifies the edges of the image at 

several scale values [3]. For a continuous curve Γ, a parametric vector calcula-
tion can be represented by equation (7.1). 

 Γ p x p y p( ) = ( ) ( )( ),  (7.1)

where p is the arc length of the contour. The expression for calculating the 
curvature function can be represented by equation (7.2). 

 K p
x p y p x p y p

x p y p
( ) =

( ) ( ) − ( ) ( )
( ) + ( )( )

   

 

2 2 3 2/  (7.2)

FIGURE 7.1
Steps of smoothing of a contour and CSS plots.
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The components (X(σ,µ) and Y(σ,µ)) of the evolved curve of one-dimensional 
Gaussian kernel (G(σ,µ)) with width p, is expressed by using equation (7.3). 
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Y y p G

µ σ µ σ

µ σ µ σ
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where * designates convolution. Conferring to the features of convolu-
tion, the derivatives of each component can be computed simply by using 
equation (7.4). 
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Now equation (7.2) can be represented as shown in equation (7.5). 
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Though for the original curve Γ, p is the standardized arc length con-
straint, the constraint l is not the standardized arc length for the changed 
curve Γσ. If the curvature zero crossings of Γσ are computed throughout 
evolution, they can be shown as points in the (µ,σ) plane. Here l approxi-
mates the standardized arc length and p of the Gaussian kernel. For each 
p there is a definite curve Γσ that comprises some curvature zero cross-
ing points [4]. As p rises, Γσ turns out to be the number of zero crossings 
reduces and the curve becomes smoother. When the value of p turns 
adequately large, Γσ will become a convex curve with no curvature zero 
crossing, and the procedure of evolution or smoothing can be ended. 
The outcome of this procedure is the binary CSS image of the specified 
curve. The minor waves on the edge of the object are represented by the 
small contours of the CSS image and can be overlooked. Each contour is 
then characterized by the positions of the major maxima of its CSS image 
contours [5].

Though CSS has lots of advantages, it doesn’t produce outcomes in confor-
mance with a human apparition system at all times. The foremost weakness 
of this procedure is the issue of deep and shallow convexities/concavities of 
a shape. With the intention of overcoming these shortcomings, several vari-
ants of CSS are introduced.
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7.1.1 Extreme Curvature Scale Space (ECSS)

This shape descriptor is used with the purpose of solving the issue of shal-
low and deep concavities of typical CSS. Whereas CSS utilizes curvature 
zero crossing values, the ECSS map is formed by chasing the location of 
maximum curvature points. ECSS is created on the maxima of the attained 
ECSS map [6]. It is vigorous with regard to scale, noise and orientation varia-
tions of the shape. The ECSS has proven to be an effective shape descrip-
tor when equated to the typical CSS, specifically regarding deep or shallow 
concavities.

ECSS is used to prevail over the shortcomings of typical CSS. A group of 
multi-scale curvatures K (µ, σ) which resemble the group of curves of the 
shape can be defined as shown in equation (7.6).

 K
x y x y

x y

u uu uu u

u u

µ σ
µ σ µ σ µ σ µ σ

µ σ µ σ
,

, , , ,

, ,
( ) =

( ) ( ) − ( ) ( )
( ) + ( )( )2 2 3//2  (7.6)

where xu, yu, xuu, yuu are correspondingly the first and second derivatives of 
x and y with regard to “u.” This denotes extrema curvature zero crossing 
points. As σ rises, the inflection points reduce and consequently the inflec-
tion point vanishes at maximum scale value. The  algorithm terminates 
when all the curvature zero-crossing points vanish [7]. With all maximum 
curvature points from the ECSS image the concluding ECSS descriptor con-
tour is formed. Then the peaks (i.e., the maxima) are extracted and sorted. 
The  ECSS descriptors are composed of all extreme points in the ECSS 
image.

Therefore, this technique offers two modifications to the standard CSS: for 
curvature zero crossings it replaces the utilization of contour extrema and 
enhances the curvature value in every extreme as an extra feature on each 
of the corresponding points. One of the big advantages is to assimilate the 
curvature feature for the descriptor, to differentiate among shape with deep 
and shallow concavities.

7.1.2 Direct Curvature Scale Space (DCSS)

DCSS is one of the effective variations of standard CSS which is utilized to 
detect corners [7]. DCSS is demarcated as the CSS that results from convolv-
ing a Gaussian kernel with the curvature of a planar curve directly.

Let φ(p) be the function of the planar curve and G(p,σ) be the Gaussian 
kernel. The curvature of the curve is denoted as K(p) = φ(p). The DCSS of 
the image is created by convolving K(p) directly with G(p,σ). The resultant 
curvature function (convolved) K(p,σ) is represented by K(p,σ) = K(p) * G(p,σ) 
and can be represented by equation (7.7). 
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To compute corners at a specified scale σ, all the positions which have 
maxima absolute curvature, |K(p,σ)|, as well as the positive maxima and 
negative minima have to be resolved. A DCSS image is then created using 
maxp,σ|K(p,σ)|, where p signifies the contour arc length. The DCSS image of 
a specified curve delivers the corner position information at variable scales. 
There are two representations that can be utilized to examine the features 
of the DCSS image [8]. The single corner termed the Γ model is utilized to 
demonstrate the reliable way of the line form behavior in the DCSS image. 
The double corner, for instance STAIR and END model, demonstrates the 
communication among a couple of adjacent corners with regard to scale. 
However, DCSS is delicate to noise; the hybrid method of DCSS/CSS can be 
efficiently utilized to overcome it.

7.1.3 Affine Resilient Curvature Scale Space (ARCSS)

Corner detectors based on CSS utilize arc-length as parameterized curvature. 
Thus, they aren’t vigorous to affine alterations as the curve arc length doesn’t 
persist invariant under affine alterations. The curve affine-length is compara-
tively invariant to affine alterations. Therefore, affine resilient corner detectors 
are used [9]. In this method, to bring out the edges from the grey scale images, 
canny edge detector is utilized. The local maxima of absolute curvature is rec-
ognized as a corner. Wrong corners are removed by equating every curva-
ture maximum with its two adjacent minima built on the hypothesis that the 
corner point curvature should be at least twice the curvature of an adjacent 
minimum. The process which is utilized in ARCSS is described as follows [10]:

 1. Discover the edge image utilizing the canny edge detector.
 2. Extract edges from the image. 
 a. Fill openings (if any) that are in a range and choose elongated edges.
 b. T-corners can be identified from T-junctions.
 3. Parameterize every edge with its affine-length.
 4. Absolute curvature is calculated for every parameterized edge at a 

suitable scale, and corners are identified by equating the curvature 
maxima to the equivalent edge curvature threshold in the adjacent 
minima.

 5. Track the corners down to the lowermost scale seeing a small neigh-
borhood to enhance localization.

 6. Eliminate multiple existences of identical corners.
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ARCSS corner detection is superior to CSS and ECSS corner detection. While 
standard CSS loses some accurate corners and ECSS is acquainted with some 
weak corners, ARCSS detectors deletes few true corners and acquaint with 
few weak corners. This  is because the ARCSS detector utilizes the affine-
length parameterization, but the standard CSS and ECSS detectors utilize 
the arc-length parameterization. Correspondingly, ARCSS is more resistant 
to noise as compared to its counterparts.

There are some advantages and limitations of CSS that are designated as 
follows: 

Advantages: CSS is robust with regard to noise, scale and variation in 
orientation. Furthermore, both feature extraction and shape similar-
ity matching are done very quickly. It computes the key features of 
a shape, permitting similarity-based retrieval. It is reliable, fast and 
compact. The local information of a shape is also preserved.

Limitations: The main limitation of CSS is the existence of uncertainties 
in CSS matching because of the issue of shallow concavities of the 
shape. It can be revealed that the deep and shallow concavities may 
generate the same big contours on the CSS image. Thus, a deep con-
cavity may be matched with a shallow one during the CSS matching. 
Also, CSS is not suitable to open curves.

7.2 Morphological Scale Space (MSS)

MSS is a multi-scale boundary depiction constructed on morphological 
operations [11]. An image boundary is gradually smoothed by a number of 
opening and closing operations utilizing a group of structuring elements 
of growing size, producing a multiple scale depiction of the object. Then, 
equivalent features of the smoothed boundary across a range of scales are 
extracted and connected together establishing a map called the morphologi-
cal scale space (MSS).

The basic morphological operators utilized for the explanation of MSS are 
as follows: 

 1. The erosion of the image I by the structuring element S is demar-
cated by equation (7.8).

 
I S I s

s S

Θ = −

∈


 (7.8)

 where I−s is the translation of the image I by −s. Figure 7.2 shows the 
erosion output of an image.
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 2. The dilation of the image I by the structuring element S is demarcated 
by equation (7.9). Figure 7.3 shows the dilation output of an image.
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s S
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∈


 
(7.9)

 3. The opening of the image I by the structuring element S is demarcated 
by equation (7.10). Figure 7.4 shows the opening output of an image.

 I S I S S = ( ) ⊕Θ  (7.10)

 4. The closing of the image I by the structuring element S is demarcated 
by equation (7.11). Figure 7.5 shows the closing output of an image.

 I S I S S• = ⊕( )Θ  (7.11)

It can be seen from Figures 7.2 through 7.5 that erosion shrinks the pattern, 
while dilation increases the pattern. Opening suppresses sharp lumps and 
removes narrow channels, while closing fills in gaps and tiny holes.

FIGURE 7.2
Erosion output of an image.

FIGURE 7.3
Dilation output of an image.

FIGURE 7.4
Opening output of an image.
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MSS is represented using smooth boundary segments  [12]. Boundary 
smoothness can be represented by equation (7.12). 

 I S r I S r ( )( ) ∩ • ( )( ) (7.12)

The first term (opening) eliminates corners whereas the second term (clos-
ing) fills in holes and cracks. The  subsequent boundary points that are 
common to both operations belong to smooth segments of the boundary, 
therefore their intersection must contain smooth points  [13]. This  method 
when applied to a shape at several scales (r) would deliver a smoothness 
scale function, i.e., the MSS map. By filtering an image with scaled structur-
ing elements, scale-spaces can be formed.

Figure 7.6 shows the smoothing of contour with MSS.

FIGURE 7.5
Closing output of an image.

FIGURE 7.6
Smoothing of 2D contour by different structuring element.
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There are some advantages and drawbacks of the MSS approach. 

Advantages: MSS has a contour preservation property. The  contours 
(i.e., the transitions of luminance) must be preserved: if a region is 
not removed, then it has to be not degraded.

Limitations: Edges of objects become very blurred at high scales.

7.3 Intersection Points Map (IPM)

IPM utilizes the intersection points among the original and the smoothed 
curve [14]. As the Gaussian kernel’s standard deviation (σ) of the curve rises, 
the total number of the intersection points declines. You can determine the 
pattern functions by analyzing these residual points. Since this technique 
only works with the smoothing of the curve, only the convolution process is 
necessary to obtain the smooth curve. Thus, this technique is faster as com-
pared to CSS for similar performances.

Figure 7.7 demonstrates an instance of IPM. The first row denotes the origi-
nal images and the second row shows the intersected points before (left) and 
after (right) smoothing.

FIGURE 7.7
IPM illustration.
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There  are some advantages and limitations of IPM that are listed as 
follows: 

Advantages: The IPM pattern can be recognized irrespective of its trans-
lation, rotation and scale variation. It  is also robust to noise for a 
noise range.

Limitations: The chief drawback of this method is that it can’t tackle the 
contours having suffered a non-rigid distortion and those which are 
occulted.

7.4 Summary

The scale-space concept can acquire plentiful information about an edge with 
various scales. In scale-space, from larger scales the global information of the 
pattern can be understood, whereas from lesser scales the detailed infor-
mation of the pattern can be understood. Scale-space procedure is advanta-
geous as the shape is made less delicate to errors in the arrangement or edge 
extraction procedures. The robustness to noise and the beautiful consistency 
with human observation are the benefits.
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8
Shape Transform Domain Shape Feature

A  given image signal can be converted between the time and frequency 
domains with a pair of mathematical operators called transforms [1]. One of 
the main purposes of transformation is to simplify mathematical analyses. 
For mathematical systems governed by linear differential equations, a very 
important class of systems with many real-world applications, converting the 
system description from the time domain to a frequency domain makes the 
differential equations much easier to solve. The shape descriptor is signified 
by all or part of transformed coefficients.

8.1 Fourier Descriptors

This  is an effective shape explanation tool  [2]. The  shape explanation and 
classification utilizing a Fourier descriptor either in regions or boundary are 
easy to calculate, compact and vigorous to noise. It has several applications 
in various fields.

8.1.1 One-Dimensional Fourier Descriptors

This is attained by executing Fourier transform (FT) onto the signature of the 
shape, which is a 1D function that results from shape contour coordinates [3]. 
The standardized FT coefficients are called the shape’s Fourier descriptor. 
A Fourier descriptor obtained from various signatures has substantial diverse 
performance on shape retrieval. A Fourier descriptor resulting from centroid 
distance function D(t) outperforms a Fourier descriptor obtained from other 
various signatures of the shape in complete presentation. The discrete FT of 
D(t) is then specified by equation (8.1). 
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As the D(t) is not variant to only translation and orientation, the attained 
Fourier coefficients (FC) need further regularized to become scaling and 
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initial point independent  [4]. The  universal representation of FC of D(t) 
altered through scaling and alteration of initial point from the original 
function D(t)(0) is represented by equation (8.2). 

 F jm p Fm m= ( ) ⋅ ⋅exp ( )α 0  (8.2)

where Fm
( )0  and Fm are the FC of the original and transformed shape, 

respectively; α is the angle acquired by the alteration of initial point; and p is 
the scale factor. Normalized FC is represented by equation (8.3). 
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where NFm
0( ) and NFm are the normalized FC of the original and transformed 

shape, respectively. If only magnitude of the coefficients is used and the 
phase information is ignored, then |NFm| and NFm

0( ) are identical. Hence, 
|NFm| is invariant to orientation, scaling, translation and alteration of 
initial point.

The group of magnitudes of the shape’s normalized FC {|NFm|, 0 < m < M} 
are utilized as shape descriptors. The  one-dimensional Fourier descriptor 
has various good features such as easy derivation, easy normalization and 
ease of matching.

8.1.2 Region-Based Fourier Descriptor

This descriptor is denoted as generic Fourier descriptor (GFD) and can be 
utilized for wide-ranging applications [5]. Fundamentally, GFD is obtained 
by applying an improved polar FT on a shape image. To apply modified polar 
FT, the polar shape image is considered as a standard rectangular image. 
The steps are as described as follows: 

• Step 1: The  approximated normalized image is oriented in anti-
clockwise direction by a small angular step.

• Step 2: Starting from the image centroid, the pixel values along 
positive x-direction are pasted into another new row matrix.

• Steps 1 and 2 are repeated until the image is oriented by 360°.

The outcome of the above-mentioned steps is a polar space image which is 
plotted into Cartesian space. The FT is attained by executing a discrete two-
dimensional FT on the image shape as given by equation (8.4). 
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where 0 22 2
≤ = −( ) + −( ) < = ( )ρ φ πx x y y R i Tc c i,

where (xc, yc) is the centroid of the shape, and T and R are the angular and 
radial resolutions. The attained Fourier coefficients are translation invariant. 
Scaling and rotation invariant generic Fourier coefficients (GF) are attained 
by equation (8.5). 
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where A is the bounding circle’s area inside which the polar image exists, 
n is the utmost number of the chosen radial frequencies, and m is the utmost 
number of chosen angular frequencies. The values n and m can be attuned to 
attain a hierarchical coarse to fine depiction requirement.

Generic Fourier coefficients are rotation, scale and translation invariant as 
shown in Figure 8.1.

There are some advantages and limitations of Fourier transform which are 
listed as follows: 

Advantages: Fourier transform possesses an exclusive place in the 
analysis of several linear operators, basically because the complex 
exponentials are the eigenfunctions/eigenvectors of linear, shift-
invariant operators. Fourier transform leads to an enormously 
influential theory of smoothness, due to the correspondence among 
decay and differentiability of the Fourier coefficients.

Limitations: Fourier transform delivers no information on the temporal/
spatial localization of features. A Fourier transform can express that 
there is a discontinuity, but it can’t say where it is.

FIGURE 8.1
Generic Fourier coefficients of images.
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8.2 Wavelet Transform

Wavelet transform analyzes the image signal by multiplying it by a window 
function and performing an orthogonal expansion [6]. This descriptor has 
several required features such as multi-resolution presentation, individuality, 
constancy, spatial localization and invariance.

In  wavelet analysis, a scalable modulated window is shifted along 
the signal and for each location the spectrum is computed. A  scalable 
modulated window, also recognized as mother of the wavelet, is the key 
point in which wavelet can be utilized to characterize breaks or sharp 
spikes of a signal. The  transform is demarcated by a series of wavelet 
coefficients that are produced utilizing the wavelet mother function as 
shown in equation (8.6). 

 ψ ψi j
i in n j,
/( ) = −( )− −2 22  (8.6)

where i is scaling constraint, j is a shifting constraint, and i−1/2 is for energy 
normalization across various scales. The  discrete wavelet transforms of 
function f(n) are then calculated by utilizing equation (8.7). 

 W i j f n ni j

n Z

, ,( ) = ( ) ( )
∈
∑ ψ  (8.7)

Inverse discrete wavelet transforms are represented by equation (8.8). 

 f n W i j ni j

ji

( ) = ( ) ( )∑∑ , ,ψ  (8.8)

Practically, wavelet transform should be applied with a fast algorithm such 
as multi-resolution analysis. This transform decomposes a signal into a hier-
archical tree of approximation and details coefficients. At every level i, a dis-
crete wavelet transform generates approximation coefficients (wAi) and detail 
coefficients (wDi). Approximation coefficients are attained by convolving the 
signal with the low-pass filter, while the detail coefficients are convolved 
with the high-pass filter, trailed by dyadic decimation  [7]. The  high-pass 
and low-pass filter which are used to generate detail (D) and approximation 
(A) wavelet coefficients are shown in Figure 8.2, and the multi-level discrete 
wavelet decomposition tree and reassembling of the coefficients to form the 
original signal are shown in Figure 8.3.

Figure  8.4 shows the commonly used mother wavelets for wavelet 
decomposition.
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Similarly, discrete wavelet decomposition and reconstruction were created 
for two-dimensional signals or images  [8]. The  two-dimensional discrete 
wavelet transform decomposes an image at level i into four components 
(one approximation coefficient and three detail coefficient) at level i + 1: 

 1. Approximation coefficient wAi+1,

 2. Horizontal detail coefficient wDi
h
+1,

 3. Vertical detail coefficient wDi
v
+1 and

 4. Diagonal detail coefficient wDi
d
+1.

The  two-dimensional discrete wavelet decomposition step is shown in 
Figure 8.5.

The symbol (Column↓2) denotes down-sampling columns by preserving 
only even indexed columns. Correspondingly, (Row↓2) represents down-
sampling rows by preserving only evenly indexed rows. The  pictorial 
representation of wavelet decomposition of an image of dimension P × Q 
is shown in Figure  8.6. Ai, HDi, VDi and DDi denote the approximated 

FIGURE 8.3
(a) Multi-level wavelet decomposition tree; (b) Reassembling original signal.

FIGURE 8.2
High-pass and low-pass filter that is used to generate detail (D) and approximation (A) wavelet 
coefficients.
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FIGURE 8.4
(a) Haar; (b) Gaussian; (c) Meyer; (d) Biorthogonal; (e) Daubechies20; (f) Coiflets; (g) Complex 
Gaussian; (h) Complex Morlet; (i) Daubechies4; (j) Discrete approximation of Meyer; (k) Symlets; 
(l) Shannon; (m) Mexican hat; (n) Fejer-Korovkin; (o) Frequency B-spline.
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coefficient, horizontal detail coefficient, vertical detail coefficient and diagonal 
detail coefficient, respectively. i represents the level of decomposition.

Figure 8.7 shows the two-dimensional wavelet decomposition at level 1.
This feature is not variant to rotation, scaling and translation. The equivalence 

or matching procedure using this method can be completed cheaply.
There  are some advantages and limitations of wavelet decomposition 

which are specified as follows: 

Advantages: The  foremost advantages of wavelet methods over tradi-
tional Fourier approaches are the utilization of localized basis func-
tions and the quicker computation speed. Localized basis functions 
are perfect for analyzing real physical circumstances in which a signal 
comprises discontinuities and sharp points [9]. Wavelet transforms, 
regardless of having irregular shape, are able to effortlessly recon-
struct functions with linear and higher order polynomial shapes, for 
instance, triangle, rectangle, second order polynomials, etc. Wavelets 
are able to denoise the specific signals far better than conventional 
filters that are based on Fourier transform design and that don’t trail 
the algebraic rules followed by the wavelets.

FIGURE 8.5
The two-dimensional discrete wavelet decomposition step.

FIGURE 8.6
Wavelet decomposition of an image. (a) Original image; (b) First-level decomposition; 
(c) Second-level decomposition; (d) Third-level decomposition.
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Limitations: Shift Sensitivity: The  wavelet transform coefficients flop 
to differentiate among signal shifts. The down samplers in wavelet 
transform implementation are responsible for shift sensitivity. Poor 
Directionality: A  two-dimensional transform undergoes poor direc-
tionality if the transform coefficients are made known for only a few 
orientations like horizontal, vertical and diagonal details. Any image 
comprising smooth regions and edges with random orientation 
(natural images) can’t be analyzed using standard two-dimensional 
wavelet transform as it exhibits poor directionality. Absence of Phase 
Information: The human visual system is sensitive to phase distortion 
formed by filtering the digital image with two-dimensional wavelet 
transform. So linear phase filtering can utilize symmetric extension 
approaches to sidestep the issue of bigger data size in image process-
ing. As wavelet transform realization can’t produce local phase infor-
mation; complex-valued filtering is vital to avail local phase.

8.3 Angular Radial Transformation (ART)

ART is built in a polar coordinate system where the sinusoidal basis functions 
are demarcated on a unit disk [10]. Let the image function in polar coordinate 
be I(r, θ). Angular radial coefficient Amn (m and n are the radial and angular 
resolution) can be defined by equation (8.9). 

 A C r I r rdrdmn mn= ( ) ( )∫∫ , ,θ θ θ
π

0

1

0

2

 (8.9)

FIGURE 8.7
Level 1 wavelet decomposition.
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Cmn(r, θ) is the angular radial transformation basis function and is divisible in 
the radial and angular direction so that the relation shown in equation (8.10) 
can be possible. 

 C r T R rmn n m,θ θ( ) = ( ) ( ) (8.10)

The  angular basis function Tn(θ) is an exponential function utilized to 
eliminate rotation variance. This function is represented by equation (8.11). 

 T en
jnθ

π
θ( ) = 1

2
 (8.11)

The radial basis function Rm(r) is denoted by equation (8.12). 
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For scale normalization, the coefficients of ART are divided by the magnitude 
of angular radial transformation coefficient of order m = 0, n = 0.

Some advantages and limitations of angular radial transformation are 
discussed as follows: 

Advantages: Angular radial transformation delivers a compact and effec-
tive technique to express pixel distribution in a two- dimensional 
object region. It  can designate both disconnected and connected 
region shapes.

Limitations: Angular radial transformation is not robust to each rotation 
and to perspective projections. A planar object in a normal scene can 
be observed according to all orientations and agreed by an indefinite 
plan. This highly possible situation will interrupt the shape in the 
image and will foil the identification.

8.4 Shape Signature Harmonic Embedding

A harmonic function [11] is attained using a convolution among the Poisson 
kernel PK(r, θ) and a given contour function c(Kejφ). Poisson kernel is denoted 
by equation (8.13). 

 P r
K r

K Kr r
K ,
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θ
( ) = −

− ( ) +

2 2

2 22
 (8.13)
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The contour function can be any complex or real valued function. The har-
monic function can be represented by equation (8.14). 

 c re c Ke P r dj j
K

θ ϕ
π

π
ϕ θ ϕ( ) = ( ) −( )∫1

2 0

2

,  (8.14)

The Poisson kernel PK(r,θ) has a low-pass filter feature, where the radius r 
is in reverse association to the filter bandwidth. The radius r is measured 
as a scale constraint of a multi-scale depiction. One more vital property is 
PK(0, θ) = 1, representing c(0) as the average value of contour function c(Kejφ).

The shape signature harmonic embedding depiction is invariant to trans-
lation, and it is invariant to rotation up to a horizontal shift in the rectilinear 
presentation. Also, it is invariant to unvarying to scaling. Shape signature 
harmonic embedding is vigorous to noise.

Some advantages and limitations of this method are listed as follows: 

Advantages: It is computationally simple.
Limitations: Unfortunately, it is delicate to noise. Slight variations in 

contour cause huge errors in the matching process. It is not invari-
ant to scale, translation and orientation. Usually further processing 
is needed to raise the robustness.

8.5 ℜ-Transform

The ℜ-transform to denote a shape is created on the Radon transform [12]. 
The method is described as follows. Assuming that the image shape func-
tion is I(x, y), its Radon transform is demarcated by equation (8.15). 

 S r I x y x y r dxdyR , , cos sinθ δ θ θ( ) = ( ) + −( )
−∞

∞

−∞

∞

∫∫  (8.15)

where δ is the Dirac delta function and represented by equation (8.16). 

 δ x
if x

otherwise
( ) =
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

1 0
0

:
 (8.16)

θ ∈ [0, π] and r ∈ (−∞, ∞). Radon transform SR(r, θ) is the integral of I over the 
line L(r, θ) demarcated by r = x cos θ + y sin θ.

Figure 8.8 is an illustration of a shape and its Radon transform.
ℜ-transform is defined by equation (8.17). 

 ℜ ( ) = ( )
−∞

∞

∫I RS r drθ θ2 ,  (8.17)
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where SR(r, θ) is the Radon transform of the domain shape function I. 
The properties of ℜI(θ) are as follows: 

• Orientation: The orientation of the image by an angle θ0 indicates a 
translation of the ℜ-transform of θ0: ℜI(θ + θ0).

• Periodicity: ℜI(θ ± π) = ℜI(θ).
• Scaling: A scale alteration of the shape I encourages a scaling in the 

amplitude of this transform.
• Translation: This  method is translation invariant under a shape 

function I by a vector m = (x0, y0).

Provided the shape’s distance transform, the distance image is divided into 
M levels of similar distance to preserve the division isotropic. For every dis-
tance level, pixels consuming a distance value larger than that level are cho-
sen and at every level of division, a ℜ-transform is calculated. In this way, 
both the interior formation and the contours of the shape are taken.

Orientation of the shape infers an equivalent change of the 
ℜ-transform [13]. Thus, a one-dimensional FT is executed on this function 
to acquire the invariant rotation. ℜ-transform descriptor vector is demar-
cated by equation (8.18). 
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where i 𝜖 [1, N], F is discrete one-dimensional FT and N is the angular resolu-
tion. Fℜα is the magnitude of the FT to ℜ-transform. α 𝜖 [1, M] is the segmen-
tation level of Chamfer distance transform.

FIGURE 8.8
(a) Shape; (b) Radon transform of (a).
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There  are some advantages and limitations of this method which are 
depicted as follows: 

Advantages: The ℜ-transform is invariant under scaling and translation. 
Its principle is simple.

Limitations: Specified a huge collection of shapes, a single ℜ-transform 
for each shape is ineffective to discriminate from the others since the 
ℜ-transform offers an extremely compact shape depiction. In  this 
viewpoint, to enhance the description, every shape is mapped in the 
Radon space for various Chamfer distance transforms’ segmentation 
levels. The ℜ-transform compressed the form, so one ℜ-transform 
per form doesn’t describe the shape efficiently.

8.6 Shapelet Descriptor (SD)

SD is used to deliver an architecture to animate shapes and extract relevant 
slices of objects  [14]. The  architecture presumes that animate two-dimen-
sional uncomplicated closed curve shapes are created by a linear placement 
of a quantity of shape bases. A basis function can be defined by ψ (D; p, σ) 
where p ∈ [0, 1] designates the position of the basis function comparative to 
the field of the detected curve, and σ is the scale of the function ψ. Figure 8.9 
displays the function’s shape using various σ values. It shows variation with 
various transforms and parameters.

The 2 × 2 matrix of basis coefficients as represented in equation (8.19) is 
utilized for the affine transformations of the basis function. 
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


 (8.19)

The variables for denoting a base are represented by Ai = (Ci, pi, σi) and are 
called basis elements. The shapelet is denoted by equation (8.20). 

 γ ψ σD A C D pi i i i; ; ,( ) = ( ) (8.20)

Figure  8.9b–d denote shapelets attained from the basis function ψ by the 
affine transformation of rotation (ri), scaling (si) and shearing (ti) respectively 
as shown in the basis coefficient Ci. By accumulating the entire shapelets at 
different p, σ, C and discretising them at various levels, a whole dictionary is 
attained as shown in equation (8.21). 

 ∆ = ( ) ∀ >{ }γ γD A A b bi; : ; ,0 0  (8.21)
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A special type of shapelet γ0 is denoted as an ellipse [15]. Shapelets are con-
struction blocks for shape boundaries and they generate closed curves by 
linear addition as represented by equation (8.22). 
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There are some advantages and limitations of shapelet descriptors that are 
listed as follows: 

Advantages: Shapelets are comprehensible and can offer insight into the 
problem domain. The shapelet decomposition is mainly effective for 
images localized in space and offer a high level of compression.

Limitations: Shear estimations from circular shapelets are biased if the 
shape to be defined has too steep a profile or too large an elliptic-
ity. Profile mismatch is the more vital source of bias. For elliptical 
shapelets, profile mismatch still poses a substantial problem, since 
the shapelet models can’t fully detect biases of the ellipticity prior to 
when the profile becomes steeper than exponential.

8.7 Summary

As a type of global shape descriptor method, shape transform domain analy-
sis receives the entire shape as the shape depiction. The description structure 
is modeled for this presentation. Unlike the study of spatial interrelations, 
shape projects transform a shape boundary or region into another field 
to achieve some of its basic characteristics. For a shape descriptor, there is 
always a balance between precision and efficacy. Shape should be defined as 
correct as possible, and a shape descriptor has to be as compressed as possi-
ble to facilitate indexing and recovery. It is easy to obtain a shape description 
with various levels of precision and efficacy by selecting the proper number 
of transform coefficients for a shape transformation analysis algorithm.

FIGURE 8.9
Lobe-shaped curve. (a) σ; (b) Rotation; (c) Scaling; (d) Shearing.
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9
Applications of Shape Features

Shape is a vital visual and the emergent feature for image content expla-
nation. The utilization of object shape is one of the most challenging prob-
lems in forming effective content-based image retrieval  [1]. Shape content 
explanation can’t be accomplished precisely since determining the similarity 
among shapes is problematic. Thus, two steps are important in shape-based 
image retrieval: extraction of the shape feature and similarity calculation 
among the extracted features. Some of the applications are mentioned in this 
chapter.

9.1 Digit Recognition

There are many ways of digit recognition using shape feature [2]. One of the 
algorithms for digit recognition using shape feature is as follows: 

 1. First draw digits from 0 to 9 with the help of paint software and save 
it in JPG format (Figure 9.1).

 2. Divide images into training and testing set.
 3. Convert all the images to binary  [3], i.e., the contour pixels of the 

digit are 1s and the residual pixels are 0s (Figure 9.2).
 4. From the binary image construct the chain code  [4] using 

8-connectivity. Figure 9.3 shows the chain code of Figure 9.2.
 5. Use Euclidean distance measurement for comparison of chain codes 

between training and testing images [5].
 6. The  test digit is recognized by the minimum difference with the 

training images.
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9.2 Character Recognition

There are many methods of character recognition using shape feature [6]. One 
of the algorithms for character recognition using shape feature is as follows: 

 1. First draw characters from A to Z with the help of paint software 
and save it in JPG format (Figure 9.4).

 2. Divide images into training and testing set.

FIGURE 9.1
Digit two.

FIGURE 9.2
Binarized image.

FIGURE 9.3
The chain code of Figure 9.2.
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 3. Generate the wavelet transform  [7] from every image. Figure  9.5 
shows the wavelet coefficients of Figure 9.4.

 From the coefficients it is clear that for the character “W,” the vertical 
coefficient is more prominent among all the detail coefficients.

 4. For comparison of wavelet coefficients between training and testing 
images, Euclidean distance measurement is used.

 5. The test character is recognized by the minimum difference with the 
training images.

9.3 Fruit Recognition

There are many ways of fruit recognition using shape feature [8]. One of the 
algorithms for fruit recognition using shape feature is as follows: 

 1. First collect some images of different types of fruits that vary in 
shape. Figure 9.6 shows the image of an orange.

 2. The images are divided into training and testing set.
 3. Convert all the images to binary [9], i.e., the pixels of the fruit are 1s 

and the residual pixels are 0s (Figure 9.7).

FIGURE 9.5
The wavelet coefficients of Figure 9.4. (a) Approximation coefficient; (b) Horizontal coefficient; 
(c) Vertical coefficient; (d) Diagonal coefficient.

FIGURE 9.4
Character.
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 4. The fruit contour is then extracted using the canny edge detection 
algorithm [10] (Figure 9.8).

 5. Calculate the centroid distance [11] for every image. Figure 9.9 shows 
the centroid distance plot of Figure 9.8.

 6. For  comparison of centroid distance between training and testing 
images, Euclidean distance measurement is used.

 7. The test fruit image is recognized by the minimum difference with 
the training images.

FIGURE 9.6
Image of an orange.

FIGURE 9.7
Binarized image of Figure 9.6.

FIGURE 9.8
Contour of the fruit.
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9.4 Leaf Recognition

There are many ways of leaf recognition using shape feature [12]. One of the 
algorithms for leaf recognition using shape feature is as follows: 

 1. First collect some images of different types of leaves that vary in 
shape. Figure 9.10 shows the image of a leaf.

 2. The images are divided into training and testing set.
 3. Convert all the images to binary, i.e., the pixels of the fruit are 1s and 

the residual pixels are 0s (Figure 9.11).
 4. The  leaf contour is then extracted using the canny edge detection 

algorithm (Figure 9.12).
 5. Calculate the 7 Hu moment [13] for every image. Figure 9.13 shows 

the plot of 7 moment values of Figure 9.12.

FIGURE 9.9
The centroid distance plot of Figure 9.8.

FIGURE 9.10
Image of a leaf.
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FIGURE 9.11
Binarized image of Figure 9.10.

FIGURE 9.12
Contour of the leaf.

FIGURE 9.13
The Hu moment plot of Figure 9.12.
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 6. For comparison of moments between training and testing images, 
Euclidean distance measurement is used.

 7. The test leaf image is recognized by the minimum difference with 
the training images.

9.5 Hand Gesture Recognition

There are many ways of hand gesture recognition using shape feature [14]. 
One of the algorithms for hand gesture recognition using shape feature is as 
follows: 

 1. First collect some images of hand gestures. Figure  9.14 shows the 
image of some collected hand gestures.

 2. Convert the RGB image into grayscale and then into binary format 
(Figure 9.15).

FIGURE 9.14
Hand gesture images.

FIGURE 9.15
Grayscale image (left) and binary image (right).
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 3. Image centroid is calculated using moment.
 4. Detect peaks [15] of tip of finger.
 5. Classify peaks as significant peaks by calculating the Euclidean dis-

tance between peak and centroid (Figure 9.16).
If (distance > 70% of maximum peak distance)

 Significant peak
 Else

Insignificant peak
 6. Shape signature is generated with five binary sequence where 1 rep-

resents raised finger and 0 represents folded finger. The shape signa-
ture and binary code of Figure 9.16 is shown in Figure 9.17.

FIGURE 9.16
Significant peaks with centroid indicated with circles.

FIGURE 9.17
The shape signature of Figure 9.16.
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9.6 Summary

The  extraction of a form property in accordance with human observation 
is not a simple task. Because human perception and vision are an unusual, 
difficult system, we may naturally hope that machine vision performs bril-
liantly with minor complications. Furthermore, the selection of appropriate 
features for a shape recognition system must recognize which types of fea-
tures are appropriate for the task. There  is no overall shape function that 
works best for every type of image.
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